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I. INTRODUCTION

Since the earliest days of the quantum mechanical theory of molecular
structure, the independent particle model has held a dominating influence.
It has been very successful qualitatively, and sometimes quantitatively,
in explaining the properties of atoms and molecules. It is true that for
many properties one must go beyond this very popular model to obtain even
qualitatively correct conclusions, and the best way of refining the model
is now the subject of much current investigation and debate in quantum
chemistry. On the other hand, the independent particle model itself
deserves close examination, and its results have not always been clearly
understood,

In order to review the current situation, we will first discuss
briefly the foundations of the independent particle model as applied to
closed shell ground states. Approaches to refining the model will theéen
be mentioned., Finally, the relations of each of the three main sections

of this thesis to the general picture will be outlined.
A. Brief Survey of the Independent Particle Model

The independent particle model in its simplest form ignores all
interactions between electrons, and, for the total system's ground state,
results in all electrons occupying the lowest one-electron orbital ¢1,
e.g., the ls hydrogenic orbital for atoms., Because of the resulting

separability of the hamiltonian operator, this corresponds to a simple



product wave function for the N electrons, viz.,1

Yep. = 81(1) 61(2) * * * $1(n) (1-1-1)

If the average mutual coulombic interactions of the electrons were
taken into account at this point, the electrons would come to occupy a
somewhat expanded lowest orbital, with a total wave function of the same
form as above. This corresponds to the ultimate independent particle
model for Bosons.

However, since electrons are Fermions, effects much stronger than
their mutual coulombic interactions take place between those with like
spins, i.e., the effects of the Pauli exclusion principle, as expressed
through the antisymmetry of the wave function and the resulting "Fermi.
holes'". Thus a much better initial refinement of the simplest model is
to neglect all coulombic interactions, but demand that the wave function
be antisymmetric with respect to the intexchange of coordinates of any
two electrons. This applies to space and spin coordinates combined. The
hamiltonian still demands that we use a product (or linear combination of
products, with each of the products differing only in the permutation of
electrons) of N orbitals for the one electron problem. The lowest
energy wave function which satisfies both these requirements is the anti-
symmetrized product (Slater determinant) of the first N spin orbitals of

the one electron problem (26):

IThis function actually applies to spinless particles, or can be
interpreted as the space part only for particles of integer spins.



1 (D8:8(1)dy (18,8(1)- by (Ddy/,B(L)

b1 (DEBDS, (DB dy,, (D ,B(2)
x‘/a.s.p.=1/ﬁﬁ' : : : : . .| (x-1-2)

¢1 (N)dlﬁ(N)¢2 (N)¢25(N)"¢N/2 (N)¢N/25(N)

The exclusion principle, acting through the required antisymmetry
of the wave function, correlates the motions of electrons of like spin so
that there is zero probability of finding any two of them at the same
point in space. The main effects of these so-called Fermi holes result
in electrons being 'pushed" into higher states when the lower states are
already occupied by electrons of like spin. The eneréy corresponding to
?gwé.p. is, as with the simple product, the sum of the one-electron
orbital energies.

If we now considered the mutual coulombic interactions of the
electrons to be ''turned on", but keep the wave function fixed, we obtain

(27) a somewhat more realistic energy value:1

2
E =2 2<4;(1)|n(1)|d;(1)> + z:<¢i(1)11/r121¢§(2)>
i i

£ 25 <D Urp, |5 - B E<6 (D8 (D] 1/ry,] 41 (D6,(2>
i 4 ig4 bt

(I-1-3)

where 2
h(l) = -1/2V7 - & Z, /1, (I-1-4)
k

1This addition to the energy is, of course, the first order perturba-
tion energy when the electronic coulombic interactions are the
perturbation.
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with Z, being the nuclear charge of nucleus k.

This is not the true energy of the system because we have not allowed

the wave function to readjust to the interelectronic repulsions. This

ad justment would involve the formation of a ''coulombic correlation hole'
around each of the electrons, wherever it may be found in space. This is
a region in which the probabilities of finding the other electrons are
depressed as compared to those for the noninteracting model.

As indicated above, because we have used an antisymmetrized product
(not a simple product) wave function, electrons already have Fermi
correlation holes around them with respect to electrons of like spin.

In this case the coulombic correlation holes are not needed so badly.
Thus the antisymmetrized product wave function has a somewhat lower
energy than its corresponding simple pr?duct wave.function. This energy
lowering is formally due to the so-called exchange integrals, which are
brought into the energy expression in going from V’s.p. to the cor-
responding v/a.s.p. (27). These constitute the last sum on the right of
Eq. I-1-3,

This is still not the most refined form of the independent particle
model, since one can keep the form of Hya.s.p. by allowing the crbitals
to change due to the average interactions of the electrons. Thus,
orbitals may be chosen which are solutions of one-electron Schrodinger-
like equations whiéh include an extra potential due to the average fields
of the remaining electrons. This approach reaches its zenith in the
Hartree-Fock (self-consistent-field) method in which the best possible

orbitals are found. This is, of course, still not the true wave function,



but it is as far as the independent particle model can be extended.1
The energy expression remains that of Eq. I-1-3,

As with the previous case, in order to go on to the correct wave
function we must allow the wave function to readjust to the "instantane-
-ous' coulombic interactions of the electrons, bringing in the
correlation holes. The magnitudes of these hole§ have now been somewhat
lessened; but their energy effects (collectively called the correlation
energy) are still very significant. The correlation energies for most
molecules exceed their binding energies. Thus when correlation effects
are quité different in the molecule from what they are in the separated
atoms or ions (the N, molecule for example), one does not get good esti-
mates of the binding energies by taking the difference between the SCF
energy of the molecule and those of the atoms. The alkali halides are
not of this type, so that reasonably good estimates of their ionic
binding energies can usually be obtained.

At the present time SCF wave functions have been found for about
half the atoms, and a few small molecules. These are usually found using
the LCAO-MO (linear combination of atomic orbitals-molecular orbitals)
SCF approach (22). The '"minimal basis set" SCF wave funﬁtions which are

dealt with in this thesis represent reasonable approximations to the true

l'I.‘he extension of the model to '"different orbitals for different
spins", sometimes called the unrestricted Hartree-Fock method, involves
departure from a pure spin state, i.e., the resulting function is not an
eigenfunction of the total spin operator. One can use the 'extended
Hartree-Fock method" and project out the pure spin state (take the
component which is a pure spin state), but it is a linear combination of
determinants, and so is quite different from the usual independent
particle model.



ones (see for example Figure 10). For atoms, minimal basis set SCF wave
functions use only as many analytic (usually Slater type) orbitals as
there are SCF orbitals. In molecules a minimal basis set commonly
includes only as many analytic orbitals as is necessary to describe the
separated atoms in the minimal basis set approximation.

In the following section, we will briefly discuss some of the major
methods which have been proposed to go beyond the independent particle

model,
B. Methods for Improving on the Independent Particle Model

The correlation hole has a cusp (discontinuous derivative) at the
position of the electron it surrounds, and furthermore changes shape
-somewhat depending on the electron's position in space. These facts,
among others, make it difficult to introduce into the wave function.

The most widely used technique for overcoming the correlation dif-
ficulty has been the configuration interaction method. Here one attempts
to build the wave function from a linear combination of Slater determi~
nants which differ from each other in the inclusion of at least one
different orbital. This method is analogous to a Fourier expansion, and
is based on the theorem that if the orbitals constitute a complete set
in the one-electron space, then these determinants are a complete set in
the antisymmetric N-electron space. If one uses suitable orbitals, he
can obtain about 80-90 percent of the correlation energy with fairly
short expansions. Since the orbitals do not have singularities in their

derivatives except at their own nuclear centers, the cusps of the



correlation holes must be built up by very long expansions. Thus the
iast few percent of the correlation energy are very hard to come by with
this method.,

Another major method of attack has been to introduce the interelec-
tronic distances explicitly into the wave function. This acts to build
the correlation hole directly, and the cusp is put in easily. Except
for two electron systems, this has led to extremely difficult integrals
involving three or more interelectronic distances in the same integral.
This method is very successful on some two electron systems, but its
application to larger systems is just beginning.

A third approach of relatively recent origin is that of the pair
function theories. They attempt to break up the N electron problem into
a combination of comparatively simple two electron ones. This approach,
used in combination with either of the two previous ones for solving the
two electron problems, appears to hold the greatest promise at present.
Pair theories have arisen from the recognition that two electron
"collisions" (two electrons coming within the range of each other's cor-
relation holes) are much more probable than three, four, etc., electron
collisions. This is particularly true because, for any three electrons,
two must have the same spin and therefore tend to be kept apart by their
Fermi holes.

0f the various pair theories, separated pair theory (1ll) (see also
Reference 2 and earlier references given there) appears to hold the most

promise. In this scheme the wave function is an antisymmetrized product

of N/2 pair functions, each pair function replacing a doubly occupied



molecular space orbital of the conventional SCF theory. This allows the
greatest correlation effects, viz., those between a pair of electrons in
the same space orbital, to be accounted for. The small interorbital
correlation effects, neglected by this approach, can hopefully best be

taken into account later onm.
C. Survey of Main Topics of Thesis

1. Chemical binding in H,0 and H;

In Secs. IT and III of this thesis, we consider what can be learned
about molecule formation from the independent particle model, e.g., from
SCF wave functions. It was pointed out above that correlation errors in
molecules are usually larger than their binding energies. Thus unless
there is considerable cancellation between the separated atoms and the
molecule, with respect to their correlation errors, good binding energies
are not obtained. However, in most molecules about 50-70 percent of the
binding energies are given by SCF calculations applied to both the
separated atoms and the molecule. It is of course important that we
understand where this part of the binding comes from, as well as the
effects on binding due to correlation. Also the effects on binding due
to correlation must generally await accurate wave functions, whereas the
one-electron (independent particle model) effects can be studied now.

As indicated by the above percentages, the one-electron effects are
generally the most impﬁrtant, and it is becoming increasingly evident

that the correlation effects are not as complex conceptually.

In Sec. II we examine the chemical binding in H90 according to an



‘

analysis developed by Ruedenberg (24). It is shown that the commonly
held belief that the binding comes about because of the build up of
electronic charge in the bond region is almost surely false. The bonding
is in fact much more complex and might best be interpreted as a complex
interplay between interference effects (reflecting the wave character of
the electron), and the usual electrostatic potentials., The analysis
treats the binding energy in terms of these concepts.

In Sec. III the same analysis, which was applied to Hp,0 in Sec. II,
is applied to H;' The major conclusions found to apply to H90 are found
to apply to H;. Although this analysis probably does not represent the
final word in this complex picture, it nevertheless brings out many
subtle effects which must be understood in order to really comprehend
what makes up the chemical bond in the independeﬁt particle model. 1In
Sec. III we also consider various ways of interpreting the concept of
"charge shifted into the bond region' and the energy effects associated

with this phenomenon.

2. Optimally localized orbitals

Orthogonal Hartree-Fock orbitals ¢i(1) are solutions of coupled
equations of the type (27)

FDS(1) = Eh 8, (D) (1-3-1)
j

where

2
F(1) = -1/2v (1) - Ezk/rkl + JZdeJ(Z) 1/r12¢j(2) de
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Any closed shell Slater determinant wave function is invariant with
respect to a unitary (orthogonal, if the orbitais are real functiocus)
transformation among the space orbitals.l The usual (canonical) Hartree-
Fock orbitals are unique in that they correspond to a diagonal represen-

tation of the Hartree-Fock operator F(l), i.e., the %ij's of Eq. I-3-1

are zero if i#j. Thus for these orbitals we have equations of the type
F(1)85(1) = 6;(1) 4;(1) (1-3-3)

This results in €; being interpretable as the negative of the ionization
potential for ionization from the corresponding orbital éi. Therefore,
8; corresponds to those terms which would be missing from Eq. I-1-3 if ¢i
suddenly became unoccupied. For ionization potentials, and similarly
spectral transitions, the canonical orbitals are particularly suitable.
For discussing and computiqg some other properties, a different set of
SCF orbitals is often much more useful.

Sec. IV of this thesis discusses a method for finding that set of
SCF orbitals which are localized so as to have the least total electronic
interactions between them. For these orbitals the sum of the last two
terms on the right of Eq. I-1-3 is a minimum, Further, each of the two
terms is separately a minimum. The first term represents the coulombic
interactions between the orbital charge densities, and the second the

exchange interactions. Since the physical meaning (in particular the

lActually this applies to any linear transformation of the orbitals
which leaves them linearly independent. We confine ourselves to
orthogonal transformations, resulting in orthogonal orbitals, because the
simple energy expression of Eq. I-1-3 holds for such orbitals.
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total electronic interaction energy) of the wave function is not changed
in going to this new orbital set, these orbitals have the maximum total
"internal" electronic interactions (second sum on the right of Eq.
I-1-3).

Because of these properties, the localized orbitals should exhibit
very nearly minimum interofbital correlation effects, and therefore are
best suited to be replaced by separated pair functions. They also havé
two other interesting properties. When the proper molecular or atomic
symmetry exists, they usually turn out to be equivalent orbitals (7,
13), e.g., in Szp§p§ state of the oxygen atom, the 2s, 2p  and 2py

2 trigonal

canonical SCF orbitals hybridize to become three equivalent sp
hybrids. Perhaps partially due to the preceding property, for molecular
ground states the localized orbitals usually end up to be either lone
pair orﬁitals, bond orbitals, or fairly isolated inner shell orbitals.
Because of their maximum overall localization from each other,

these orbitals can be expected to show the greatest achievable indeéend-
ence of each other, i.e., any one of them should be least influenced by
changes in another, on the whole. Changes of this type occur when one
proceeds from member to member of an isoelectronic series of molecules.
Thus the series Ne, HF, Hy0, NHj, and CH, can be visualized as created
by successively '"pulling" protons, from the central nucleus, out along
the axes of the tetrahedral sp3 hybrid localized orbitals of Ne. The
proton should cause a large perturbation on the orbital along whose axis

it is placed, but little effect on the other hybrids. Further, any

change in this orbital will induce minimal changes in the other orbitals.
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Thus one might hope to be able to estimate the localized orbitals for a
given system from those of othér members of the series, and a r;ugh
consideration of the perturbational effects. More importantly, by far,
one might hope to similarly estimate changes in pair functions in going
from molecule to molecule.

it should be pointed out that these ideas have been discussed since
the early days of quantum mechanics, and weré particularly revived by
the discussions of equivalent orbitals (7, 13, 14, and 15). However
these ideas have not been given quantitative application up to now

because of the lack of a method for determining energy-localized

orbitals, without the help of symmetry. Symmetry is not enough to
determine the localized orbitals uniquely for any atomic or molecular

system.



13

II. CHEMICAL BINDING IN THE WATER MOLECULE
A, Introduction

1. Method

The development and application, in recent years, of techniques for
computing more accurate molecular electronic wave functions, has created
the need for methods of interpreting such wave functions. Procedures
capable of attributing quantitative meaning to concepts frequently used
to describe chemical binding in a qualitative fashion would be desirable.
Among these are such terms as hybrid orbitals, promotion, valence states,
ionic and covalent binding contributions, electron sharing, and
resonance, Recently, Ruedenberg has suggested such an analysis which can
be applied to wave functions given as expansions in atomic orbitals (24).

This analysis partitions the electron density and the electronic
pair density of the molecule intc components corresponding to promoted
atomic states, to quasiclassical coulombic interactions of these promoted
states, and to interactions resulting from the sharing of electrons
bgtween atoms. If the molecule contains atoms of different electronega-
tivities, resulting in a net transfer of electronic charge, components
reflecting this effect are also found. From the various density parts,
corresponding energy effects are derived. They lead to a decomposition
of the molecular binding energy which is conceptually interpretable.

An application of this analysis to the Hy molecule has been given
in Reference 24, and diséussions for H; are contained in the following

section and Reference 25. Here the analysis is applied to the water



14

molecule, in an effort to test it on a more complex system.

Fi

Considering the limitations imposed by the approximaie character o
the wave function analyzed, it is felt that the present investigation
makes progresé toward understanding the underlying physical basis of
chemical biﬁding in Hy0. It is possible to quantitatively define unique
hybrid atomic orbitals, atomic coulombic interactions, and promoted
valence states of atoms, all of which correspond surprisingly closely
to the intuitive '"pictures' of chemists. Furthermore, in contrast to
several somewhat mysterious quantities used in the past to describe
covalent binding, e.g., the "exchange energy'" of valence bond theory,
the energy contributions to covalent binding are shown to correspond to
effects (mainly due to electron sharing) which are not at all mysterious.

The conclusions arrived at in connection with the Hy0 molecule
substantiate the views on chemical binding which were reached in the
cases of the H, and H; molecules, These hold that the shift of charge
into the bond region, which accompanies binding, leads to a strong drop
in kinetic energy, but little or no decrease in potential energy. Also
it is maintained that even stronger energy effects occur in the regions
close to the nuclei, which, however, are opposite in sign to those aris-

ing from the shift of charge into the region between the nuclei.

2. Molecule

The water molecule was selected not only because it is a molecule of
great importance, but also because it is among the simplest of the
general polyatomic molecules, i.e., while it contains relatively few

electrons and has considerable symmetry, it contains atoms of different
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electronegativities, more than one bond, and is nonlinéar.

The analysis is applied to the LCAO-MO (linear combination of atomic
orbitals-molecular orbital) SCF (self-consistent field) wave function
(22) of the Hy0 molecule obtained by Ellison and Shull (9). It is
recognized that this wave function suffers from the approximate character
of the SCF method, and also from the use of a very limited set of AO's
for the expansion of the MO's. Furthermore, a number of the three center
integrals involved were approximated, and the energy was not minimized
with respect to the effective nuclear charges for the AO's, so that the
virial theorem is not obeyed. Nevertheless, it was decided to carry out
a detailed test of the analysis for this wave function, since it was the
best at the time the analysis was carried out.

The atomic orbitals used as a basis for the molecular orbitals are
the Slater ls, orthogonalized 2s, 2px, 2py, and 2pz orbitals on the oxygen
atom, and the 1s orbitals of each of the two hydrogen atoms. The 2 px
orbital is perpendicular to the plane of the molecule, and the 2pz orbital
is directed midway between the two hydrogen atoms. For our purposes,
these orbitals are not the most suitable. The partitioning of the elec-
tron densities exhibits its greatest clarity in terms of certain hybrid
atomic orbitals, to be described in Sec. II-C. These ''valence atomic
orbitals' are selected such that they have maximum or minimum valence
activities.

The following discussion proceeds in two major parts. The first
part combines a general description of the approach with a discussion of

the gross results for Ho0, which illustrate the various concepts. The
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second part combines a more detailed characterization of the various
density components with the orbital by orbital breakdown of the gross

effects.

B. Partitioning According to Physical Concepts

1, Basic considerations

As mentioned in the introduction the basis of the analysis is a
partitioning of both the molecular electronic density, p, and the elec-
tronic pair density, 7, into several components. These components are
interpreted as corresponding to various conceptual steps required in
changing the wave functions describing the component atoms in their ground
states into the molecular wave function.1 Since the molecular energy is
completely determined by p and 7T (p gives the kinetic and nuclear attrac-
tion energies of the electrons, and T the interelectronic repulsion
energies), the energy effects associated with each of our conceptual steps
can be calculated from the density and pair density components, and in
this way a breakdown of the molecular binding energy is aiso obtained.

The binding energy associated with the present approximate wave function
is taken as the difference of the total molecular energy and the energies
of the atoms in their ground states, as calculated using the same intra-

atomic integrals as in the molecular energy calculation. It is found to

1These steps do not correspond to physically measurable processes,
but are purely conceptual in nature.
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be 7.87 ev.1

The interpretation of the partitioning makes use of two basic
physical pictures. One picture is that of bringing the atoms from
infinite separation into their equilibrium positions. The other picture
is that of the electrons changing their motions from being associated
with particular atoms to being shared between several atoms, i.e., in
the molecule the various electrons attain substantial proBabilities of
being found on atoms other than the ones they were originally on. They
can be said to have their probability charge clouds 'spread' over
several atoms.

For the actual physical system both these effects are of course
intimately connected: the solutions of the Schrodinger equation describe
more and more electron sharing the closer the atoms are situated with
respect to each othér. Nevertheless, it is possible to construct hypo-
thetical electron densities and pair densities which do exhibit sharing
at very large distances, and others which include no sharing even at
small distances. Such a conceptual separation of positional approach and
electron sharing appears to be a useful interpretative tool for analyzing
the difference between atomic and molecular electronic arrangements.

In accordance with the preceding remarks, the series of steps which

describe the transition from the separated atoms to the molecule are

Iafter the work herein reported was completed, it was pointed out by
R. McWeeny and K. A. Ohno (Proc. Roy. Soc. 255: 367. 1960) that, due to
an error in the normalization factor of the Slater 2s orbital of the
oxygen atom, the binding energy should have been found to be 5.7 ev
instead of 7.7 ev. Due to the correction of some, but not all, of the
errors involved, a binding energy of 7.87 ev was obtained in the present
analysis.
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classified according to the following scheme,

a. Non-sharing modifications These are modifications of p and

7 which bring them as close as possible to their molecular values, with-
out the sharing of electrons between the atoms.

Effects at infinite separation: These are what we shall call
promotional effects.

Effects due to moving the atoms from infinite separation to their
actual separations in the molecule: These will be called quasiclassical

electrostatic interactions.

b. Sharing modifications These are the modifications in p and

T due to electron sharing. .

Effects at infinite separation: Here there are no effects on p, but
there are effects on T, which we shall call sharing penetration effects.

Effects due to moving the atoﬁs to their actual molecular positions:
This leads to effects oﬂ both p and T, whiéh we shall refer to as
interférénce (overlap) effects.

TheAfollowing sections explain the individual parts of this scheme
in terms of the concepts just mentioned, At the same time, the actual
magnitudes of the energy contributions will be illustrated by discussing
the gross quantitative results found for H,0. These are collected in
Figure 1. A more detailed discussion of the individual entries will be
pursued in Sec., II-C. It should be understood that the arguments given
are not meant to justify any of the mathematical formulations. Rather,

they represent interpretations which are found to be useful and



Figure 1, Binding energy partitioning for the H,O0 molecule, The rows for the O atom
and H atom, the OH and HH' bonds, rep¥Xesent the totals from Figures 4 and
5 respectively,



BINDING ENERGY PARTITIONING

Promotion Quasi- Sharing Sharing

classical Penetration Interference :

Intra-bond Interbond
PRH PRC QCN QCT SPN SPT SIN SIT SIN SIT TOTAL
KIN' | 2.53 - 22.44 22,44
SNA .94 - -18.82 -18.82
O OEI |4.49 - 1.41 14.18 -8.%0 7.19
TOT | 7.95 - 5.03 . 14.18 -8.40 10.81
KIN - - -2.39 -2.39
SNA - - 1.79 1.79
H o1 - - .26 4.71 .12 5,09
TOT - - -.34 4.7 .12 4,49
KIN -13.14 -13.14
SNA -2.17 .39 2.89 -.,52 1,07 .10 1.70
OH oI -.84 -8.75 1.97 -.54 .26 -7.90
BOND ot -2.17 -.46 -8.75 1.97 -10.79 -.52 1,33 .10 -19,28
KIN 3.88 3,88
, SNA -.22 .12 -1.52 _-.,0% ,16 -.24 -1.73
HH' o1 .28 .18 .11 .01 .20 .79
BOND  ror -.22 Lo 18 .11 2.37  -,04 ,36 -.24 2,93
KIN | 2.53 - 17.66 -22.41 -2.22
SNA .ok -  -4.,57 -14.34 4,27 -1.05 2.30 -.0% -12.50
Hy0 orr | 4.49 - .53 6.30 -4.,12 -1.07 73 6.85
TOT | 7.95 - -4,57  3.83 6.30 -%.12 -19.21 -1,05 3,03 -.04% -7.87

0¢
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reasonable for the understanding of the mathematical breakdown to be

described subsequently.

2. Pre-sharing modifications

a. Promotion To begin with, we can hypothetically think of the

atoms as being in their ground states at infinite internuclear separa-

tions. At this stage the molecular electronic density is given by

G

p = pG(A) (11-1-1)

%
A
where pG(A) is the electron density of atom A in its ground state. The
molecular pair density at this stage is given by

1 = 2%@) + =’ 1%(a,B) (11-1-2)

A AB

where WG(A) is the ground state pair density of atom A, and WG(A,B) is
the pair density arising from electron pairs with one partner on atom A
and the other on atom B. Since the electrons composing the charge
distributions (pG(A)'s) of the different atoms are different, the

G
7T (A,B)'s are simple products of the form
7°(a,8) = p%(a)e%(®) . (11-1-3)

Each atom is now considered to be promoted to a certain ''promoted
state" which can, in form at least, be represented as a superposition of
the ground and excited states of the isolated atom. Each atom in being.
promoted suffers a change in its electron density and pair density, so

that the molecular electron density now becomes
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of = = oP(a) (1I-1-4)
A
where pP(A) is the promotion state density of atom A. The pair density

of the molecule becomes

o= DT (a) + 2 78(A,B) (II-1-5)

A A,B
- . . . P .
where 7 (A) is the promotion state pair density of atom A, and 7 (4,B) is
the pair density arising from electron pairs with one partner on the
promoted atom A, and the other on the promoted atom B, By the same

reasoning as for Eq. II-1-3

75 (A,B) = pP(A)p (B) | (11-1-6)

b. Promotion effects in Hp0 The promotion effects for H90 are

given in the first two columns of Figure 1, Unfortunately, the wave
function does not allow for variation of the effective nuclear charges of
the atomic orbitals which it involves, so that contraction (or clustering)
type promotion is not allowed for. The second column (PRC) therefore
contains no entries.,

Hybridization promotion (first column, (PRH)) raises the energy of
the oxygen atom 7.95 ev. This is due to a 'distortion" of the atom in
such a way that its valence shell electron density can be represented as
a simple sﬁperposition of the electron densities of'two lone pair
orbitals and two bonding orbitals. The two lone pair orbitals are
directed away from the hydrogen atoms, and the two bonding orbitals

' generally toward them. The largest contribution to the oxygen promotion
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energy is seen to be due to an increase in electronic repulsion energy
(4.49 ev), due to the fact that in the promotion state the electrons are
forced together somewhat more.than in the ground state. Promotion raises
the kinetic energy of the oxygen atom by 2.53 ev, and the nuclear attrac-
tion energy by .94 ev. All these effects willlbe examined in detail in
Sec. II-C-6. We will see tha£ they are considerably different from what
would be expected, due to the fact that the wave function tries to
compensate for the unallowed contraction promotion by excessive mixing
in of the 1ls orbital with its very strong energies.

In the present wave function, even hybridization promotion is ;ot
allowed for the hydrogen atoms, since these are described in the wave
function by a single fixed 1ls orbital.

The construction of hybrid orbitals for the oxygen atom will be

" described in detail in Sec. II-C-1.

c. Quasiclassical interactions of the promoted atoms If the

atoms are moved to their actual positions in the molecule, wighout being
modified by the resulting interaction, they will interact with one another
quasiclassically, i.e,, their electronic and nuclear charge distributions
interact in a purely coulombic fashion. This is analogous to the inter-
actions of fixed charge distributions in classical electrostatics. If
atoms were actually composed of fixed classical-like charge distributions,
these quasiclassical interactions would constitute the extent of bond
formation in molecules,

In the past, similar types of interaction have frequently been re-

ferred to as ''coulombic' as opposed to '"exchange' interactions. We
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prefer the name ''quasiclassical", since all electronic interactions must
in fact be considered as coulombic in nature.

The quasiclassical interactions are of three types. There are the
nuclear repulsions, computed by considering the nuclei as point charges.
The attractions of the nuclei for the electrons on other atoms are ob-
tained by considering the electrons of an atom A to be represented by the
charge distfiSution pP(A), as defined in connection with Eq. II-1-4. The
interactions of the electrons of different atoms are given by the classi-
cal electrostatic interactions of the atomic charge distributions pP(A),

and are represented by the wp(A,B)'s of Eq. II-1-6.

d. Quasiclassical interactioms in Hy0 The energies for these

interactions are given in the third column (QCN) of Figure 1.

In completely analogous féshion it is possible to compgﬁe the quasi-
classical interactions of the atoms in their ground states at the
molecular nuclear configuration. Their sum is fouhd to be -6.60 ev.1
This is larger than the interactions between the promoted atoms, i.e.,
-4.57 ev, because promotion of the oxygen atom results in a general shift

of its electronic charge away from the hydrogen atoms, due to the forma-

tion of the lone pairs. This decreases the repulsion between the atomic

1Two neutral atoms with spherically symmetric electronic charge dis-
tributions always interact quasiclassically with an attractive effect up
to very close separations: the repulsion of the electronic clouds is weak
enough that, even combined with the repulsion of the two nuclei (the
strongest interaction), the attractions of the nuclei for the electrons
of other atoms predominate. The oxygen atom in its ground state does not
have a spherically symmetric electronic charge cloud, but for the orienta-
tion which we have chosen (one electron in each of the 2py and 2pz
orbitals, and two in the 2px orbital), the attractive effect for a
spherical distribution is only slightly lessened.
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charge clouds less than the attraction of the hydrogen nuclei for the
oxygen electrons. The attractive interaction (-.22 ev) between the

hydrogen atoms remains unchanged, since they suffer no promotional change.

3. Sharing modifications

a, Interference effects on the density If the atoms are at

infinite separations, it is possible to pass from a wave function
describing no sharing of electrons to one describing shared electronms,
without changing the first order density pP. This is so because the
contributions to the first order density arising from different electrons
are indistinguishable.

However, if the atoms are in their actual molecﬁlar positions,
sharing of electrons is accompanied by a redistribution of the electron
density pP, because of non-vanishing overlap between orbitals of differ-
ent atoms. This redistribution will be called the "interference' effect.

It is well known that the electron density of a molecule is not even
" roughly approximated by a superposition of the electron densities of the
separated atoms. However, a wave function made by superposing atomic
wave functions yields a bona fide approximation to the actual electron
density, especially if the component atomic wave functions can be modified
(promoted) by polarization and scaling (minimization of the molecular
energy with respect to the effective nuclear charges of the orbitals
involved). Thus the molecular electron density is given much more closely
by the square of a sum of atomic wave functions, rather than by a sum of
squared atomic wave functions. Because of this, it will differ from the

promotion state density pP, if the atomic wave functions overlap each
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other,

One can interpret this as an "interference'" between the promoted
atomic wave functions, similar to that observed with classical waves.

Interference acts to redistribute the electron density of the
promoted atoms by either increasing the electron density between the atoms
at the expense of the densities on the atoms (constructive interference)
or by increasing the electron densities on the atoms at the expense of the
regions between the atoms (destructive interference).

Among the various concepts used in the past in connection with
chemical binding, the idea of‘"resonance“ comes nearest to what we define
here as interference. For, in the original sense, resonance as well as
interference both describe the enhancement or attenuation of resultant
wave amplitudes generated by the superposition of component wave ampli-
tudes., This typical wave phenomenon leads to the chemical effects of
bonding and antibonding resultant states. No close relationship exists
however between our approach and the valence bond theory, where
"resonance'' is used to describe interactions of any type of '"structure
wave functions'. Our method of defining interference energies is based
specifically on the interaction of atomic orbitals only, and hence is
quite different from that used for obtaining valence bond resonance
energies., It is superior in that it can be applied with rigor to any
molecular wave function.

The redistribution of electron density which results from interatomic
interference in the case of nonvanishing overlap, can be described by a

density term pI which is added to the promotion state density pP. This
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change due to interference will be denoted by
ol = = pl(a,s) : (II-1-7)
A,B
where pI(A,B) is the interference density arising from electron sharing
between atoms A and B.

As mentioned earlier, constructive interference acts to shift
electronic charge into the bond region from the atoms. Therefore the ad-
ditive term pI(AB) has in general a region of negative charge in the bond
and regions of positive charge on the atoms; the total charge of the
negative region being equal in magnitude to the sum of those for the
positive regions. For an antibonding destructive interference, usually
the opposite situation exists for pI(AB).

Constructive interference is typical of covalent binding situatioms,
and leads to a strong lowering of the energy of the system. 1In the fol-
lowing section dealing with H;, it is pointed out that this energy
lowering has a physical interpretation quite different from that generally
conjectured by ;¥evious writers., It is essentially due to a strong
decrease in kinetic energy, the effects on the potential energy being
relatively weak. The effect on the kinetic energy occurs because of a
strong decrease in the gradient of the wave function, especially on the

atoms, as a result of the shift of charge from the atoms into the bond

region.

11t is well known that the kinetic energy corresponding to a given
wave function is proportional to the square of the gradient of the
function, summed over all configuration space.
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The results for H90, which are to be discussed a little further on,
confirm again the detailed discussion given in the preceding sections,
and show that the accumulation of charge in the bond, due to interference,

does not lower the potential enérgy appreciably.

b. Penetration effect on the pair density There is an important

difference between the density and the pair density of a hypothetical
wave function which exhibits electron sharing between atoms whose overlap
can be neglected. This is due to the fact that, while it is possible to
construct a promotion state density pP which remains unaffected by elec-
tron sharing in this situation, this is impossible for any promotion
state pair density WP.

In fact it is not difficult to see that the interelectronic interac-

tions will be substantially affected by the sharing. Thus before
electrons are shared, the entire electronic charge cloud of one atom
repels the entire. electronic charge cloud of anmother atom, cince the two
clouds contain different sets of electrons. After electron sharing, a
substantial part of the interaction between tﬁe charge clouds of differ-
ent atoms disappears, due to the fact that parts of both atomic charge
clouds are now due to the same electrons. There is of course no interac-
tion of a single electron with itself. Thus, sharing gives rise to a
decrease invigggzatomic eiectronic repulsion energy.

Inside the atoms an opposite effect occurs. Here, before electron
sharing occurs, the actual electronic repulsion energy is much less than
that which would correspond to the classical self-interaction of the

density pP(A). This is due to the fact that many of the different parts
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of the charge cloud pP(A) are due to the same electron, and hence are
noninteracting. After sharing, although the total atomic charge cloud
pP(A) is not changed, more different electrons now make up this charge
distribution. Hence, parts of the atomic charge cloud which previously
originated from the same electron now originate. from different electrons,
so that the electronic repulsion on the atoms is increased.

It is thus clear that sharing induces changes in the pair density
even in the absence of overlap, because it leads to a greater penetration
of the electrons from different atoms. These changes will be denoted as
follows

F = 57588 + £' 15%(a,B) (1I-1-8)
A A,B
where WSP(A) is the change in the pair density of atom A due to sharing
penetration, and WSP(A,B) is the change in pair density between atoms A
and B due to sharing penetration.

These sharing penetration effects remain when the atoms are brought
into their actual molecular positions, the only difference being that the
interatomic electronic repulsion energies arising from WSP(A,B) become
considerably larger in magnitude. But even then, the increase in intra-
atomic electronic repulsions corresponding to the first term of Eq. II-1-8

is larger than the decrease due to the second term.

c. Penetration effects in H20 In the case of H90, this effect

is exhibited in the fifth column of Figure 1, labeled SPN. Since sharing

penetration affects only the electronic interactions, these terms are
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given in the row (OEI), i.e., other electronic interactions, The
energies of the promoted atoms are raised 14,18 ev for the oxygen and
4,71 ev for each of the hydrogens, due to sharing penetration. However
the energy of each OH bond is lowered 8.75 ev. The very slight increase
in energy of the HH' bond is anomalous, in that this indicates a very
slight decrease in sharing from a situation in which there is no sharing.
Actually we would expect very little sharing penetration to take place
between the hydrogen atoﬁs, so that this small deviation from zero could
easily be due to the lack of accuracy of the wave function, our method

of analysis, or some other little understood effect.

“d. - Interference modifications of the pair density - . When the

atoms are brought together, the overlap between atomic orbitals introduces
!
further modifications of the pair density. These are of the same charac-

ter as those found for the first order density, and therefore are

considered to be due tc interference. We denote these changes by

7P 4 oII (11-1-9)
with
mP = £ 2 7lF (8B]A) -~ (1I-1-10)
A B,B
{
and
I = g s'rllcaa|ss) . (II-1-11)
A,A B,B

Here, WIP can be thought of as the change in the pair density for which
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one partner of the electron pair is associated with pI, and the other

with of. 7 therefore has components of the form iP (BE'A) where one
partner‘is associated with pI(B,E) and the other wifh pP(A). WII repre-
sents the change in the pair density, where both partners of the electron
pair are associated with pI. It therefore has components of the form
WII(AKIBE), where one partner of the electronic pair can be thought of as
being associated with pI(AA) and the other with pI(BE).

The energy effects associated with mF 4+ 711 are combined with the
kinetic and nuclear attraction energy effects of ol to give the total
interference energy effects for the interaction of the neutral promoted

ip are combined with

atoms. Furthermore, the energies associated with T
the nuclear attraction ehergies from pI to give "shielded nuclear
attraction" (SNA) terms which represent, in one type of term, the inter-
action between the interference density and the ﬁromoted atoms. The
energies arising from WII are referred to as "other electronic interac-

tions" (OEI) and the kinetic energy terms (KIN) comstitute a third type

of term.

e. Interference effects in H90 In Figure 1 all interference

I

energy contributions arising from pI and 7 are divided into intra-bond
contributions (listed in the seventh column (SIN)), and inter-bond
contributions (ninth column (SIN)).

The intra-bond contributions arise from the pI(A,B)‘s of Eq. II-1-7,
and also from the WIP(ﬁglA)'s and WII(AKIEE)'S of Eqs. II-1-10 and
II-1-11 where A=B and A=B.

The contributions for the OH bonds are seen to be large and negative
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(-10.79 ev for each bond), and in fact constitute the main contributions
to the total binding energy, in agreement with the general reasoning
given previously.

As discussed at that point, this energy lowering is entirely due to
the kinetic energy. 1Its contribution (KIN) is -13.14 ev. It arises from
the kinetic energy of pI(OH), and corresponds to a strong reduction in
the average gradient of the WaQe function due to interference. This is
to be expected, sincelthe shift of charge into the bond region from the
atoms strongly decreases the‘large gradient on the atoms and also some-
what the gradient in the bond region (24).

The shielded nﬁclear attraction (SNA) terms correspond to the inter-
action of pl(OH) with the promoted atoms O and H. They arise from the
attractions of the nuclei for pI(OH) plus the electronic repulsion
energies coming from WIP(OHIO) and WIP(OHIH) respectively. In the inter-
actions of a charge distribution such as pI(OH) with the promoted atoms,
the interaction with the.nucleus qsﬁally preddminates-bver that with the
diffuse electronic charge cloud of the atom (provided the center of '
gravity of the latter is not very much clo;er to the charge distribution
than is the nucleus). This is so in all cases occurring here, so that
the promoted neutral atoms always attract electronic charge.

A further essential fact is that these shielded attractions for
pI(OH) consist of two opposing contributions, owing to pl(OH) having
regions of both negative and positive charge. As mentioned earlier, any
constructive interference density is of positive charge on the atoms and

of negative charge in the bond, For the OH bond in particular, these
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.regions are not located symmetrically with respect to the atoms, but
instead the central negative-~-charge region is displaced strongly toward
the H nucleus. The reason for this is that the oxygen atom interacts
appreciably only with its valence orbitals which are in the outer regions
of the atom, whereas the hydrogen atom is intimately involved as a whole
in the interference and bonding situation. This asymmetry of ol (om)
leads to characteristic differences in its interactions with the O and
H atoms.

The interaction of pL(OH) with the shielded O atom (6.45 ev) 1is
positive, due to the predominance of the repulsion of the O atom for
that positive region of pI(OH) which lies on it, over its attraction for
.the negative region which lies much further away. The repulsion of the
0 atom for the other positive region on the H atom would be still smaller,
and can usually be disregarded in qualitative reasoning,

The interaction term for pI(OH) with the shielded H atom (-3.56 ev)
is negative, due to the greater attraction of the H atom for the central
negative-charge region of pI(OH) which lies very close to it, as opposed
to its repulsion for that posipive-éharge region of pI(OH) which lies on
it. This predominance occurs because the negative region has approximate-
ly twice the total charge of either of the two positive regions, since
its charge is equal in magnitude to the combined charges of both positive
regions.

The electronic interaction energy arising from WII(OH,OH), (OEI),
is ~.54 ev. We will see in Sec., II-C-4 that this energy is mainly due to

interactions which arise from oxygen orbitals which are of lone-pair or
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inner-shell type, and in addition overlap appreciably with the hydrogen
ls orbitals., These electronic interactions are similar to those which
lower the triplet state below the singlet state in multiplet theory,
giving rise to Hund's rule.

The energy of the HH' bond is raised 3.27 ev due to interference
between the hydrogen atoms, mainly because of an increase of 3.88 ev in
the kinetic energy. This indicates a destructive antibonding interfer-
ence between the atoms, in which charge is taken from the bond region and
forced onto the atoms, thereby increasing even more the already large
gradient of the wave function on the atoms, and also the gradient between
the atoms.

The interaction of the hydrogen atoms with pI(HH') i.e., the
shielded nuclear attractionv(SNA), is attractive (~.76 ev for each atom)
as would be expected, since pI(HH') has its regions of negative charge omn
the atoms.,

The interaction arising from WII(HH',HH') appears to be very slightly
repulsive (.01 ev), but this figure is almost certainly subject to
revision when a better wave function is found.

The inter-bond contributions are of two types. The first involves
the interaction of a promoted atom A with an interference demnsity p(B,g)
between the two other atoms, and arises from the WIP(B,EIA)'S of Eq.
I1-1-10, where A is neither B nor E, and the attraction of the nucleus
of A for pI(B,E). The interactions of the OH bonds with the H atoms
opposite them are quite large and positive (1.07 ev). Thié is to be

expected, since the positive region of pI(O,H) lies closest to the H'
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atom (as pointed out above, the negative region of pl(0,H) lies almost

on the H atom, which is considerably further from the H' atom than is

the O atom). On the other hand, the interaction of the O atom with the
HH' bond is .16 ev. This represents the predominance of the repulsion
of the 0 atom for the positive region of pI(H,H') compared to its attrac-
tion for the negative regipns on the H atoms. This occurs because of the
closer proximity to the 0 atbm of the center of the HH' bond than the H
atoms,

The second type of inter-bond contributions are those representing
the interactions of the interference densities of different bonds, and
arise from the wII(A,K]B,E)'s of Eq. II-1-11 where A#B and A#B. In H,0
these interactions are gratifyingly small, the largest being that between
the two OH bonds (.16 ev). That this interaction is positive is reason-
able, since: the positive regions of pI(O,H) and pI(O,H') are both on or
near the 0 atom. The slight positive interaction between pI(H,H') and
pI(O,H) (.10 ev) must be due to the slight predominance of the repulsion
of the negative region of pI(H,H') for that of pI(O,H) combined with the
repulsion of the positive regions (which also afe close), over the attrac-
tions of the negative regions of pI(H,H') for the positive regions of the
pI(O,H)'s on the H atoms.

It is pleasing that all the inter-bond contributions are not very
large (the largest being only about 10 percent of the total binding
energy), since this not only confirms the empirically observed approximate
additivity of bond energies, but also allows one to make estimates of the

possible errors in such additive schemes.
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4. Charge transfer effects

Any effects associated with a gross electronic charge transfer from
atom to atom within the molecule have been ignored so far. Such effects
undoubtedly exist and are important in polar molecules. 1In Ho0 there is
a gross "shift" of electronic charge (.3515 electrons--see the ninth
column of Figure 2) toward the oxygen atom and away from the hydrogen
atoms, due to the greater electronegativity of the oxygen atom. These

effects will be referred to as charge transfer effects.

a. Changes in the density Charge transfer gives rise to a

change in the electron density pP which is given by:

o' = 5pT(a) (I1-1-12)
A

where pT(A) is the change in the electron density of the promoted atom A
due to charge either being transferred to it, or away from it. It should
be noted that we have here considered charge transfer to cause only a
modification of pP and not pI, i.e., we consider pT and pI to be
independent modifications of pP. This simplifying assumption is con-
sidered to be justifiable since pT and pI represent redistributions of |
T

I js associated with covalent binding, p

different character: whereas p
is related to ionic binding. It is an empirical fact that additive-

decompositions of binding energies into covalent and ionic contributions



37

are markedly successful, !

b, Changes in the interatomic pair density terms Since charge

transfer results in a modification of pP(A) to give pP(A) + pI'(A), the
pair density for the quasiclassical interaction between the promoted
states of atoms A and B [ﬂP(A,B), which depends upon the pP(A)'s

according to Eq. II-1-6] will be modified by the obvious change

[oF(a) + pT(a)1[pT(B) + 0T(B)] - oF(A)p*(B)

I}

% (a,B)

oT(A)pF(B) + oT(A)pT(B) + oT(A)pT(B) . (1I-1-13)

But charge transfer also gives rise to a change in the sharing
situation between'the atoms.. This must be so since only a fraction of
an electronic charge is transferred, which can only be accomplished by a
partial shift of the shared electrons. Consequently, the sharing pene-
tration interaction between the two atoms A and B will be changed, i.e.,

WSPT(A,B).

WSP(A,B) will be modified by the addition of a transfer term
Finally, the pair density contributions to the total interference

energy will also be affected. 1In analogy to the term TP of Eq.

II-1-10, there will be changes in the pair density of the form

T = & s'rIT(a|BB) . (1I-1-14)

lThis discussion, in which for the purposes of the analysis, ol and
ol are effectively defined to be mutually independent, is typical of a
number of assumptions which are unavoidable in order to proceed. The
real test of all definitions of this analysis is their ability to cor-
relate and predict the properties of similar molecules.
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Here, WIT(AIﬁE) can be thought of as the pair density contribution arising
from electron pairs in which one partner of the pair is associated with
pT(A) and the other with pI(ﬁE). These changes correspond to changes in
the interactions between the interference densities and the promoted
atoms, due to the changes in the shielding electron densities of the

promoted atoms as a consequence of charge transfer.

c. Interatomic quasiclassical effects The total change in inter-

atomic quasiclassical effects between atoms A and B, caused by charge
transfer, involves the attraction of the nucleus of 3 for pT(A), and vice
versa, plus the electronic interactions arising from the wQCT(A,B) of Eq.
I1-1-13., These interactions can be regrouped into two types of contribu-
tions., The first is the interaction of pT(A) with the promoted atom B on
the other end of the bond, or vice versa, and is referred to as a
"shielded nuclear attraction' term (SNA). It involves the attraction of
thé nucleus of B for pT(A), plus the electronic interaction ffom the
first term of the right side of Eq. II-1-13, The second type of contribu-
tion is called the "other electronic interactions" (OEI), and involves
the electronic interactions arising from the third term of the right side

of Eq. II-1-13.

d. Interatomic quasiclassical effects in Hy0 The interaction

of the promoted O atom with pT(H) is seen from Figure 1 to be 1,20 ev,
which is to be expected since the O atom is repulsive to a positive
charge distribution (due to the greater repulsion of the O nucleus than

the attraction of its diffuse electronic cloud). The interaction of the
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H atom with pT(O) is seen to be -.81 ev, again as would be expected since
pL(0) is a negative charge distribution. The interaction of pT(H) yith
oT(0) (OEI) is attractive (-.84 ev) as would be expected., The interac-
tions in the HH' bond are seen to follow well in terms of the above

reasoning for the OH bond.

e. Interatomic sharing penetration effects in H,0 It is seen

from Figure 1 that the change in sharing penetration due to charge
transfer increases the energy of each OH bond 1.97 ev, which can be
understood in terms of the following. When electrons are ‘''shifted"
toward the oxygen atom it is most advantageous, energy wise, that these
electrons be predominantly those which are already mainly associated with
that atom, i.e., what we refer to as the "oxygen electrons'. This is
due to the fact that while the kinetic and nuclear attraction energies
are indifferent to which electrons are ''shifted", the electronic repulsion
energy on the oxygen atom is not increased nearly so strongly if the
shifted electrons are the ones which are already maiply present on that
atom. Since, as was pointed out earlier, the electronic repulsions on
the atoms are considerably stronger than those between atoms, the result
of charge transfer is that the oxygen atom mainly withdraws its own
electrons. Thus there is a decrease in the sharing of electrons by the
oxygen atom with the hydrogens, and an associated partial elimination of
the strong decrease in energy of the OH bond which occurred upon neutral
sharing by the promoted atoms.

An examination of the intra-atomic sharing penetration changes will

reveal that the hydrogen atoms have little or no tendency to withdraw



40

their electrons, which would be expected since the general shift of
charge is toward the oxygen atom,

There is also a slight indicated decrease in sharing penetration
between the two H atoms (.1l ev), which is open to question because of

the antisharing effect observed in the neutral sharing situation.

f. Charge transfer effects on interference in H0 The effects

of charge transfer on interference, which arise from the T of Eq.
II-1-14, in the case of Hy0 are given in the eighth and tenth columns
of Figure 1,

For a bonding éituation such as in the OH bonds, interference shifts
charge from the atoms into the bond. This leaves a net positive region
on each of the atoms, and a net negative region between them. If we
imagined momentarily that our atoms were of about equal size, so that the
negative region of the interference density would lie about equally be-
tween them, we would expect'a charge on one of the atoms to interact
somewhat more strongly with the positive region on the same atom than
with the negative region in the center. However in the OH bond the
negative region lies close to the H atom, so that the above situation is
reversed to give a .40 ev energy lowering for the interaction of pT(H)
with pI(O,H). The interaction of pT(0) with pI(OH) is negative as
expected (-.12 ev), but is not as large as would probably be expected
on the basis of the close proximity of the positive region of pI(OH) and
0 (0).

The ‘interaction of pI(HH') with both pT(H) and pl(H") gives slight

negative contributions (-.02 ev), as would be expected in view of the
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fact that the negative regions of pI(HH') lie on the H atoms.

There is one type of inter~bond interaction involving charge trans-
fer and interference. This is the interaction of the pT(A) of an atom A
with an interference density pI(BE) between two other atoms. The inter-
action of pT(H) with pI(OH') (.10 ev) is repulsive due to the closer
proximity of pT(H') to the positive region of pI(OH) which lies on the O
atom, than to its negative region which lies near the H atom. The closer
proximity of the H atoms to the O atom, than to each other, has already
been pointed out. The interaction of pT(O) with pI(HH') (-.24 ev) is
attractive, again as would be expected, since the positive region of

pl(HH') lies closest to pT(O).

g. Intra-atomic effects on the pair density The intra-atomic

changes in the pair density, due to transfer, can be treated in a way
completely analogous to that used for the interatomic changes: namely, by
dividing them into quasiclassical and penetration parts.

The quasiclassical part will have the pair demsity

Ty = [pP@) + oT(a)]2 - [pF(a)]2

205 (8)pT(a) + oT ()Pt (A) . (11-1-15)

It represents the difference between the quasiclassical interaction of
oF(A) + pT(A) with itself, and that of p'(A) with itself.

That charge transfer also changes the intra-atomic sharing penetra-
tion (given by the pair density term in Eq., II-1-8) is a necessary

consequence of the change in the general sharing situation associated



42

with charge transfer. For, just as interatomic sharing penetration

between the promoted atoms originally gave rise to changes in the intra-
atomic as well as the interatomic pair densities, the change in sharing
penetration, due to transfer, also gives rise to intra-atomic changes in

WSP

the pair density. As with , these changes are not associated with a

change in the electron density p, and so are not included in the quasi-
classical changes of Eq. II-1-14., For an atom A, these changes will be

SPT

denoted by 7T " (4).

h, Intra-atomic quasiclassijical effects The total intra-atomic

quasiclassical effects of charge transfer involve the electronic inter-
action energies arising fromlEq. II-1-15, and the nuclear attraction
terms for the pT(A)'s. As with the interatomic terms, the electronic
interaction and nuclear attraction contributions are combined into
"shielded nuclear attraction'' terms (SNA), and "other electronic inter-
actions'" terms (OEI). The shielded nuclear attraction terms represent
the attractions of the neutral promoted atoms for the charges transferred
to them. Thus the term for an atom A includes the attraction of its
nucleus for pT(A), plus the electronic interactions of the first term of
the right side of Eq. II-1-15. The 'other electronic interactions'
represent the quasiclassical self-interaction of the charge transferred to
an atom with itself. They arise from the second term of the right side
of Eq. TI-1-15, and are in general small.

There is also a kinetic energy term arising from pT(A). It is con-
venient to group these kinetic energy contributions together with the

quasiclassical terms just mentioned (although they are of course not
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quasiclassical) for the following reason. The shielded nuclear attrac-
tion term represents the potential energy of the additional transferred
charge pl(A) in the field of the nucleus of A as shielded by pr(A).
Hence, in the case where pT(A) represents a negative charge distribution,
the shielded nuclear attraction energy plus the kinetic energy of pT(A)
is a quantity similar in character to the electron affinity of atom A.
This is seen by comparison with the one-electron modell for the latter.

One might therefore expect that the total contribu;ion from these
terms would be close to qT(A) times the electronic affinity of atom A,
where qT(A) is the total electronic charge in pT(A). The similarity is
limited, however, in that pT(A) and pP(A) do not represent the optimal
distributions for the free negative‘ion, and this alters the quantita-
tive results,

In the case that pT(A)Arepresents a positive charge distribution,
such as with pT(H), the resulting terms are best considered as analogous
to the electronic affinity of the atom for a ''positive electronic
charge'.

In conclusion then, it is seen that the intra-atomic quasiclassical
and kinetic energy terms represent those contributions in the analysis

which are most similar to the familiar concept of electronegativity.

However, the severe restrictions imposed upon pT(A) and pP(A) by

IThe one-electron model for electron affinities considers the nega-
tive ion as consisting of the additional electron moving in the field
generated by a neutral core. For best results, the additional electronic
distribution should be determined by the variation principle, and the
distribution of the shielding electrons might need semi-empirical
ad justment,
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their specific definitions (to be discussed in Sec. II-C-3), along with
the restricted form and limitations of the original wave function, result
in the energies obtained in the case of H20 being quite different from
the electron affinities of the O and H atoms. Presumably, if an

accurate wave function were available, and if our definitions of pT(A)
and pP(A) were the best possible, the resulting energies would correspond

quite closely to the electron affinities of the atoms involved.

i. Intra-atomic effects in Hp0 We see from Figure 1 that the

energy of the O atom is raised 5.03 ev due to the kinetic energy and
quasiclassical effects., The energy of each of the hydrogen atoms is
lowered .34 ev by the same effects.

The effects on both types of atoms are seen to be due essentially
to a predominance of the kinetic energy of pT(A), over the shielded
nuclear attraction of the atom for it (pr(A) is seen to have a relatively
small quasiclassical interaction with itself)., This result can be under-
stood by noting that electron affinities are relatively small compared to
the kinetic or potential energy of the additional electron, as given by
the one-electron model, Thus the kinetic and potential energies of the
additional electron are about equal in absolute magnitude, and, except

for the small electron affinity residue, cancel each other.l 1t is

IThis is not in contradiction to the virial theorem, since in the
one-electron model the shielded potential for the additional electron is
not homogeneous of degree (-1), i.e., due to the fact that it moves
through the charge clouds of the other electrons, the field which it
experiences is not that of a point charge. For a rigorous many-electron
calculation of the electron affinity, the virial theorem must of course
hold.
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therefore not difficult to see that our restricted choices of pP(A) and
pT(A) might increase the one-electron energy of pY(A) so that it actually
becomes positive, i.e., the kinetic energy of pT(A) comes to predominate
over its potential energy. This situation exists in both the O and H
atom cases, but the signs of the energies in the case of the H atom must
be reversed since pT(H) represents a "positive electronic charge”.1

Figure 1 indicates a decrease in sharing penetration energy of 8.40
ev for the O atom due to charge transfer. This clearly shows that the
oxygen withdraws its own electrons in preference to those of the hydrogen
atoms, which is in complete agreement with the diminished sharing of
electrons between the O and H atoms indicated by the increase in inter-
atomic penetration energy observed earlier.

The H atoms suffer a very slight rise in energy (.12 ev) due to the
change in sharing penetration, indicating that they are not effective in
withdrawing their électrons from the sharing situation, as was the O
atom. This is probably to be expected, since the general movement of
chérge is toward the O atom. |

The net result of charge transfer is thereforg a lowering in energy
of 3.37 ev for the O atom, and a lowering in energy of .22 for each of
the H atoms. The effect for the O atom is probably to be expected, due

to its large electronegativity (assuming this has not changed too

lthe case of adding charge to the 1s orbital of a simple H atom
illustrates clearly these effects, since the additional electronic charge,
in being shielded by the original electron, cannot experience a lowering
of potential energy corresponding to that of the original electron.
However in being forced into a ls orbital, it gains a corresponding
amount of kinetic energy.
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drastically in going to the promoted state), but the effects for the H
atoms have been reversed from that of free atoms, no doubt due to the

above discussed effect of shielding on the potential energy.

5. Summary

Elsewhere (24) it has been shown that the density and energ&
contributions discussed in the foregoing, if properly defined, exhaust
the modifications required in changing the electronic distributioms of
the atoms to that of the molecule. ’

From a formal point of view, this implies that the following addi-

tive decompositions exist for the total molecular density p and the

total molecular pair density 7. For the density:

P

of +-p7 + pl

©
]

P-G . T 1 (1I1-1-16)

DG +p pm+p

where pC, pF, pl and pT are defined in Egs. II-1-1, II-1-4, II-1-7 and

1I-1-12, and

pP-G = pP - pG (11-1-17)

is the density modification due to promotion. Similarly for the pair

density:

m o=t 4+ 7 4 g0 4 SPT oy TR g Ty Il

7€ 4+ 757G 4 5P 4 gQCT o SPT 4 IP 4 o IT 4 51T (11-1-18)

where WG, WP, FSP, ﬂQCT, wIP, WIT and WII are defined in Eqs. II-1-2,
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II-1-5, II-1-8, II-1-13, II-1-15, II-1-10, II-1-14, and II-1-11, and
s = T -7 (I1I-1-19)

is the pair density modification due to promotion.

From a conceptual point of view, the conclusions of the preceding
sections can be synthesized to give the following over-all picture of the
major aspects of chemical binding in HZO'

In the ground state the valence electrons of the oxygen atom doubly
occupy the 2s and the 2px orbitals, and singly occupy the 2py and 2pz
orbitals. Hybridization promotion results in the formation of two 2s-2pz
valence hybrid orbitals, of which the lone pair orbital is doubly
occupied and the bonding orbital contains somewhat more than one electron
(1.221 electrons). Correspondingly, the 2py orbital contains less than
one electron (.772 electrons).l This distortion has only small effects
on the kinetic and nuclear attraction energies, but causes a relatively
large increase in the electronic repulsion energy, due to the slightly
greater ''squeezing together" of the electrons, particularly in the bond-
ing orbital.

The quasiclassical interactions between the promoted atoms are all

attractive, although the O-H interactions are not quite so strong as

1In Sec. II-C-1 the formation of these valence hybrids will be
discussed. Also, since the valence lone pair orbital has a population
of almost exactly two electrons, it can be linearly combined with the
2px orbital without introducing cross terms into the intra-atomic part
of the density expansion. Thus can be formed two equivalent lone pair
orbitals above and below the plane of the molecule, which represent the
electron distribution of the lone pairs in a completely equivalent
fashion to that of the former orbitals,
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they would be between the atomic ground states, due to the general shift
of electronic charge to the back of the oxygen atom upon its promotion.

The sharing of electrons across the OH bonds greatly lowers the
energy, due to the constructive interference which is thereby established.
The sharing across the HH' bond increases thé energy due to destructive
interference. Both interference effects are mainly due to the kinetic
energy contributions.

However, sharing also raises the energy somewhat due to the increase
in penetration between the valence electrons of the oxygen atom and those
of the hydrogen atoms. Composing this rise in energy are emergy increas-
ing intra-atomic contributions, which are only partially balanced by the
energy lowering interatomic contributions.

Finally, charge transfer from the H atoms to the O atom lowers the
energy. The largest contribution to this arises from a decrease in the
energy of the oxygen atom, although the hydrogen atoms also have their
energies decreased somewhat by loosing electronic charge. This latter
is due to the gfeatly changed character of the hydrogen atoms as a result
of the electronic shielding established on them by electron sharing.

The only interatomic quasiclassical transfer effects of appreciable
consequence are the attractive interactions of the transferred charges
across the OH bonds, which are often naively associated with the energy
lowering of charge transfer. Since however the modification of the
covalent bonds by charge transfer is largely accomplished by the oxygen
atom's pulling back of a fraction of its shared electrons, there also

results an increase in interatomic energy due to the decrease in penetra-
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tion. This latter effect is considerably stronger than the interatomic
quasiclassical effect, but considerably weaker than the effect on the
oxygen atom,

Finally, the remaining small interactions between interference and
charge transfer have been seen to be understandable in terms of the

spatial charge distributions characteristic for the two effects.
C. Partitioning According to Atomic Orbitals

In order to illustrate how an orbital partitioning of the various
densities and energies becomes possible, we must refer to the specific
definitions for the various partitionings of p and 7. Since they are
treated in detail elsewhere, (24), we will describe them here only brief-
ly. While it is believed that the basic partitioning, as discussed in
.Sec. II-B, pinpoints the typical features of molecular wave functions
which are essentially associated with chemical binding, it is realized
that the pérficular definitions to be discussed in the following, and
used in this analysis, are open to modification and improvement,

As in the preceding section, we shall discuss the general principles
and definitions as well as the specific results in the case of H,0. The

latter are given in Figures 2, 3, 4, and 5, to which repeated reference

will be made.

1. The valence atomic orbitals of the oxygen atom in Hy0

An orbital breakdown of the gross energy effects and the electron
densities discussed in the preceding section would seem to be particularly

instructive if it were based on atomic hybrid orbitals which conform
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naturally to the actual valence situation. In the following, the actual
molecular electron density will be used to construct such a set of
'valence atomic orbitals",

The electron density resulting from a calculation based on certain

atomic orbitals has a unique expansion in terms of them viz.,1
r q p ’

p = ré’f.sp(r,s) 7(r y (11-2-1)
The coefficient p(r,F), which indicates the weight of the contribution of
the orbital product'?{r‘7[s, is called a bond-order if 7{r and 7[5 are on
different atoms.,

Integration of p over all space yields a completely analogous break-
down of the total electronic population, viz.,

N=1 = Z p(r,s)S(r,s) (11-2-2)
T,s

where S(r,s) is the overlap integral between.'}(r an& 7(5. Since the
orbitals on the same atom are orthogonal, intra-atomic contributions
exist only for r=s. If we assume, with Mulliken (19) and McWeeny (17),
that the interatomic contribution p(r,s)S(r,s) "owes its existence" in
equal measure to the two interacting orbitals Xr and'xs, then one can

say that a given orbital}(r is responsible for the fraction

lror a MO wave function, the density p is the sum of the electron
densities of the doubly occupied MOs, viz,, Zﬁnz where ¢, is the nth Mo.
n

Hence an equation of the form of Eq. II-2-1 results upon substitution of
the LCAO-MOs.
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q(r) = p(r) + v(r) (11-2-3)
of the total population. Here the interatomic contribution

v(r) = I p(r,s)S(r,s) (11-2-4)
s

will be referred to as the valence active fraction, whereas

p(r) = p(r,r) (II-2-5)

shall be called the valence inactive fraction of the orbital population
q(r). This is done because the interatomic contributions are indicative
of chemical interactions, with a positive v(r) corresponding to a binding
interaction and a negative one being associated with an antibonding intef-
action.l The reasons for this will be discussed in the next section.

It is possible to select, for a given atom, a set of unique
orthogonal hybrid-atomic-orbitals which have the property that the first
one has the largest possible valence inactive fractiomal population p(r),
the second one has the next largest possible p(r), etc. 1In this way a
separation into valence active and valence inactive orbitals is largely
attained, Furthermore, these orbitals have the additional property that
the intra-atomic coefficients p(r,s)(r#s) vanish, which causes them to be

identical with certain hybrid orbitals proposed by McWeeny (18).

lThis association of the signs of the v(r)'s with binding or anti-
binding interactions has been recognized for some time, particularly by
Mulliken, but the underlying reasons have never been clearly elucidated,
being usually attributed incorrectly to the build-up or decrease in
charge density in the so-called "low potential" region between the nuclei.
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a. Valence hybrids in H,0 In the case of Hzo the formation of

valence hybrid orbitals affects only the oxygen atom and, because the

valence hybrid orbitals diagonalize parts of the density matrix, they
preserve symmetry, so that only the 1s, 2s, and 2pz orbitals mix to give
an inner (0i), lone pair (0.L), and bonding orbital (Ob). The expansions
forwthese hybrid orbitals in terms of the Slater orbitals are given in
Figure 2. The overlap integrals between these orbitals and the hydrogen
1ls orbitals are also given here. The p(j(i)'s, v(j(i)'s, and q(?(i)'s
for the hybrid orbitals are given in Figure 2.

Examination of the p(7{i)'s, v(7(i)'s, and q(7(i)'s for the valence
hybrids indicates the lone pair and nonbonding character of the 2px
orbital. The O£ orbital is seen to have a population of almost two, and
so is nearly a lone pair orbital. It is also seen to have some antibond-
ing character in that v(0.f ) is negative giving rise to a decrease in
electron density in the bond regions where the contributions of the
orbital products O Hh and 0/ H'h' are the greatest. As would be
expected, the 0i orbital, which is essentially still the 1ls orbital, has
very little valence active population, indicating its essentially
nonbonding character. The 2py and Ob orbitals are seen to be strongly
binding in character, in that they have fairly large positive valence
active populations, giving rise to an accumulation of electronic density

in the bond regions.,

b. .Bonding hybrids in Hy0 It is possible to form from the 2py

and Ob orbitals two orthonormal 'bonding atomic orbitals',



Valence]lExpansion in Spherical Orbitals Overlap Bondorders and Populations-——m———
A,0,,X k s z s(x,h) p v q a¥. " qT px,n)
1 .988077 -.144001 .054465 00056 2.000 .000 2.000 2,000 .000 ,000

. 149955 .820012 -.552353  .29774 2.215 -.144 2,071 2.007 .O64 -, 242

b .034878 .553935 .831829  .45228 1.046  .316 1.362 1.221 141 350

" (unhybridized) ,27601 589  .329  .918  .772 .14  .596

x (unhybridized) 0 2.000 0O 2.000 2.000 O 0
h! (unhybridized) .37459 .T45  .079 .824 1.000 -,176 -.459

Figure 2, Density partitioﬁing for the valence AO's, in the H20 molecule,
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Figure 3. Exchange contributions to the pairpopulations for the Hy0 molecule,
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(obH) = 1/ Y2(ob+2py) and (obu') = 1/ ¥2' (0b-2py), (1I-2-6)

which are unique in that they are "mirror images' of each other in the xz
symmetry plane of the molecule, These are found to point generaily
toward the hydrogen atoms, with an angle of 100.5° between their maxima.
ObH and ObH' do not however represent the corresponding valence inactive
electron density of the oxygen atom as a simple sum of their individual

contributions, as did the 2py and Ob orbitals.

2. Interference I

a. Interference partitioning of the density Of the three parts of

P T

p, both p° and p~ are intra-atomic in nature. Only pI contains inter-

atomic character, and thus the inter-atomic terms of p, as given in Eq.

I

I1-2~1, must belong to pI. Since however p~ represents a density

" modification, and hence is characterized by a vanishing population, it

cannot be identical with the interatomic terms of p, whose population
usually does vanish. It must also contain certain intra-atomic terms,
p' say, which, together with the interatomic terms, yield a vanishing
population. This corresponds to the fact that interference shifts
charge from the atoms into the bond or vice-versa. By virtue of Eq.
I11-2-1, it is also clear that subtraction of the same intra-atomic terms
p' from the intra-atomic terms of p will yield the atomic densities

P T . )
p° 4+ p~, whose population thus becomes equal to the total molecular popu-
lation,
I

Among the various possible intra-atomic contributions p' top

which would serve the purpose, those are chosen which, besides being
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physically reasonable, also have the virtue of simplicity.

It is assumed that the total interference interaction between two
atoms is the sum of the interactions between all the atomic orbital
pairs, where one orbital of the pair is on one of the atoms and the other
on the other_atom. It islalso assumed that the interference interaction

1

between two atomic orbitals Aa~ and Bb is independent of any other

orbitals which might be present, and depends only on the orbitals them-
selves and their relative positions with respect to each other.2
Finally, it is assumed that, in all cases, the two orbitals must be
considered to enter equivalently into the interaction, even though they
may not be of the same type, i.e., the two orbitals must be treated in
the same way in the mathematical formalism.

The first part of the above assumption necessarily results in pI
being given as a sum of orbital-pair contributions pI(AaBb). The
second part oflthe assumptién causes the intra-atomic contributions to
pI(AaBb) to have distributions in space which are proportional to the
density distributions of the two respective orbitals, i.e., proportional
to Aa? and Bb2 respectively. The final part of the assumption forces
the populations of the two intra-atomic contributions to pI(AaBb) to be
equal,

Combining the interatomic density terms with the intra-atomic terms

thus obtained, we see that pl is given by:

lHere A" denotes the atom and 'a'' designates one of its orbitals
such as ls, 2px, etc. or a hybrid orbital such as [.6(2s) + .8(2pz)].

2This is seen to be equivalent to treating the bond-orders merely as
weighting factors, with the '"mature" of the interference being deter-
mined by the properties of the orbitals involved.
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ol = = pl(aaBb) = £ p(aaBb) <AaBL> (11-2-7)
Aa,Bb Aa,Bb

where the "orbital interference density' <AaBb> is defined by
<AaBb> = AaBb - —;- S(AaBb) [Aa%+Bb?] . (11-2-8)

It is seen that the definition of pP + p’r which is concomitant with this
definition of pI will be:
of + of = £ & q(Aa)Aa? (11-2-9)
A a
where the q(Aa)'s are just the "orbital populations" defined previously
in Eq. II-2-3.

A closer look at the definition of Eq. II-2-8 shows that the inter-
ference term p(HhOa)<HhO#> represents either a shift of charge from the
atoms into the bond region, or from the bond onto the atoms, depending on
the signs of the orbitals and of p(HhOa). Which of the two possibilities
actually occurs for a particular Oa is indicated by the sign of its
valence active population v(0a) (see Eq. II-2-4)., If v(0a) is positive,
a shift of charge from the 0Oa orbital intb the overlap region is
indicated; if it is negative, a removal of charge from the region occurs.
In the present case the S(HhOa)'s are all positive, as seen from Figure 2,
so that the sign of v(0a) is the same as that of the corresponding
p(HhOa) which are given in the same table. Thus in the present case, a
positive p(HhOa) is associated with a positive v(0a) and therefore with a

constructive interference interaction, with a destructive interference
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being associated with a negative p(HhOa).

It should be understood that the actual charge shifted is not
identical with v(0a), but is of course given by the integration of
pI(HhOa) over the regions where it is positive (which is equal to the
integral over the negative regions, with opposite sign). This latter is
more closely approximated by v(0a)[l - S(HhOa)]; but, since S(HhOa) is
always smaller in absolﬁte magnitude than unity, the v(0a)'s always indi-
cate the direction of the charge shift by their signs,

Fairly large positive bondorders are found for the HhOy and HhOb
orbital pairs, since the Oy and Ob orbitals are directed generally toward
the hydrogen atoms, and therefore interact strongly with them. The some-
what larger bondorder for the Oy case presumably reflects the fact that
the lobes of this orbital lie somewhat closer to the hydrogen atoms than
does the main lobe of the Ob orbital. The value of p(HhOAZ) is weak and
negative, indicating that the 0f orbital, in lying toward the back of
the oxygen atom, and thereby having a lone pair character, has a smaller

but antibonding interaction with the hydrogen atoms,.

b. Kinetic interference energies in H50 In Sec, II-B it was

pointed out that a shift of charge into the bond region is associated
with a negative kinetic interference energy, which must be consi&ered a
primary cause of covalent binding. A shift of charge out of the bond
leads to a positive kinetic interference energy, which results in anti-
bonding effects.

These conclusions are further illustrated by the kinetic interfer-

ence energies arising from the pI(AaBb)'s for the individual orbital



60

pairs. These kinetic energies are given in the seventh column of Figure
5. In the preceding section it was pointed out that a positive bond
order p(HhOa) is associated with a positive v(0a) or v(0a)[l - S(HhOa)],
and therefore with a shift of charge into the bond: the reverse holds for
a negative p(HhOa). A positive p(HhOa) is therefore associated with
negative interference kinetic energy, and a negative p(HhOa) with a
positive one,

In the cases of the HhOb and HhOy orbital pairs, these energies are
very strongly negative, due to the fact that the corresponding interfer-
ence densities are of the constructive, bonding type. The kinetic energy
of pI(Hth ) is strongly positive, since the interference is of the
destructive, anti-bonding type. The fact that this latter energy is only
about half as strong as the two former ones is to be expected since the
Hh and Of orbitals overlap considerably less than do the orbitals in the
other cases, so that the resulting interference density pI(HhOI ) is
correspondingly less. The HhOi orbital pair gives essentially no
interference density, and therefore no interference kinetic energy con-
tribution, since the overlapping of these orbitals is very small. The
HhOx orbital pair gives no interference kinetic energy, not because of
little overlap and therefore little interference, but because the 2px
orbital has vanishing bond orders with all the other orbitals because of
its unique symmetry. Even if it had a nonvanishing bond order with the
Hh orbital, the kinetic and potential energies of pI(HhOx) would vanish
because the antibonding destructive interference on one side of the plane

would be exactly canceled, energy wise, by the bonding interference on
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the other side.

It should be noted that the kinetic energy contributions determine -
the character of the total interference energy, since the potential
energy contributions are always considerably smaller., Furthermore, in
H,0 they are seen to cancel one another partially. These latter terms

will be discussed in detail in Sec. II-C-4.

3. Quasiclassical interactions

a. Transfer and promotion state densities in H,0 Since we have

defined pl in such a way that of + pT is given as a simple sum of orbital
contributions, according to Eq. II-2-9, it seems to be desirable that we

also define pT, and therefore pP, to be of this form. Thus:

of = = = qT)Aa)Aa? (1I-2-10)
A a

of = =z qfaa)aa? . (11-2-11)
A a

Not only does this greatly aid the interpretation of the results obtained,
but it also simplifies the reasoning involved in obtaining a specific
definition of pT. Eqs. 1I-2-9, 1I-2-10 and II-2-11 imply the decomposi-

tion
q(aa) = qf(aa) + qf(Aa) (11-2-12)

for the orbital populations q(Aa).
From the sum of the orbital populations we know the total population
of each atom, and therefore in sample cases such as H,0 we know how

much total charge is transferred from atom to atom, assuming no transfer
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of charge between like atoms in identical situations, such as the two H
atoms. Also since the two H atoms each have only one orbital, pT(H) for
those atoms is already uniquely determined.

In order to ascertain what pT(O) is, we must decide how much of the
electronic charge which is transferred to the oxygen atom, viz. qT(O) =
.35154 electrons, is given to each oxygen orbital, i.e. the qT(Oa)'s of
Figure 2. Since in the promoted and neutral sharing situation the oxygen
atom is promoted and furthermore sharing electrons with the hydrogen
atoms, we have no a priori knowledge of what the populations of these
orbitals would be without charge transfer, i.e., the qP(Oa)'s of Figure 2.
However, since the m&re valence active orbitals are more involved in
electron sharing, we would expect them to receive proportionally more of
the transferred charge. Therefore, since the absolute values of the
valence active populations (v(0a)'s of Eq. II-2-4) for the various
orbitals provide at least a rough measure of their valence activities,

we consider it reasonable to set
qf(0a) = K|v(0a)| = |v(0a)| qT(o)/>3| v(0a)| . (11-2-13)
a
It is seen that the proportionality constant K is chosen such that

T T
2 q (0a) =q (0) . (11-2-14)
a
The results of the above method are given in Figure 2. This method
gives about equal transferred charge to both the Ob and 2py orbitals, and
about half this amount to the O orbital. The 0i and 2px orbitals

receive essentially no transferred charge.
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It should be noted that qP(Ql,) is almost exactly two, indicating
that in its promoted state the oxygen atom has two lone pair orbitals 0/
and 2px. Furthermore, the sum of qP(Ob) and qP(Oy) becomes almﬁst
exactly two, so that the two equivalent bonding orbitals ObH and ObH' of

L4
Eq. II-2-6 each become singly occupied, in the promoted state.

P and pT in terms of orbital contributions, we can

Having defined p
now examine (1) the quasiclassical interactions of the promoted atoms in
terms of contributions from orbital pairs, (2) the changes in these

interactions due to charge transfer, and (3) the intra-atomic quasiclassi-

cal effects of charge transfer in terms of orbital contributions.

b.. Quasiclassical interactions of the promoted atoms in Ho0 The

quasiclassical interaction of the promoted oxygen atom with one of the
hydrogen atoms is broken down according to orbital pairs in the first
column of Figure 5. As pointed out in Section II-B, there are three
types of interactions involved in these terms, i.e., nuclear-nuclear
repulsion, electronic repulsions between the atoms, and the attractions
of the nuclei for electrons on the other atoms. In order to obtain a
reasonable partitioning by orbital pairs, it seems best to consider the
interactions of neutral fragments of the total atomic charge density,
i.e., fragments consisting of an orbital and a fraction of the nucleus
having a charge equal in magnitude, but opposite in sign, to the orbital
population. In this way the very large magnitudes of the interactions
largely cancel one another, and we have situations analogous to the total
interactions of the neutral promoted atoms. Thus, in H,0, the nuclear

charge of the oxygen atom is divided among the oxygen orbitals according
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to the orbital populations (qP) given in Figure 2, and each of the
resulting fractional nuclear charges is associated with the corresponding
orbital to give a neutral ''orbital atom-fragment'" for calculating the
three types of interaction energies.

Two neutral spherically symmetric orbital fragments from different
atoms, whose electronic charges overlap, always interact with an attrac-
tive effect, up to very close separations. If the overlap is small, this
interaction will be very small. This explains the very small attractive
effect for the orbital pair HhOi, since the 0i orbital is almost entirely
of 1s character, and therefore overlaps the hydrogen ls orbital very
little.

Those oxygen orbitals which are not spherically symmetric about the
oxygen atom in general have their charge densities shifted either closer
to or further away from the hydrogen atom, as compared with a spherically
symmetric distribution. In order to understand the interaction energies
from these orbital fragments and the hydrogen atom, we must consider the
changes in the three contributing types of interactions when this situa-
tion exists instead of the spherically symmetric charge density. For a
given interaction distance, the nuclear-nuclear repulsion is the strong-
est type of interaction, the nuclear-electronic attraction the next
strongest type of interaction, and the electronic-electronic repulsion
the weakest type interaction. Since all these interactions rise
monotonically from zero at large interaction distances (up to very close
separations), the changes of the three types of interactions occurring

with changing interaction distance have the same relative ordering of
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magnitudes as the effects themselves, i.e., the electronic-electronic
interaction changes most slowly with interaction distance, the electronic-
nuclear interaction changes more rapidly and the nuclear-nuclear repulsion
changes most rapidly.,

Now the interaction energy of the H atom with an orbital fragment
on the oxygen will differ from that of a comparable spherically symmetric
distribution in the contributions arising from the interaction of the
oxygen electrons with the hydrogen electrons and the hydrogen nucleus.

In view of the preceding discussion, it is the latter, i.e., the attrac-
tion between the oxygen electrons and the hydrogen nucleus, which
predominates, so that the total difference follows this effect.

In the case of the HhOA interaction, where the charge density of
the Of orbital lies toward the back of the oxygen atom, the slight
attractive effect which would exist for a spherically symmetric orbital,
such as a 2s orbital, is seen to have been converted to a fairly strong
repulsive effect, due to the predominence of the decrease in the afore-
mentioned attraction.

The small repulsive effect for the HhOx interaction arises also
because the charge cloud of the 2px orbital is not as close, on the
average, to the H atom as in the case of a spherically symmetric orbital.
The effect is not nearly so large, however, as in the HhOL case, since
the two lobes of the 2px orbital are not so strongly directed away from
the H atom as is the principal lobe of the O£ orbital.

The strong attractive effects for the HhOb and HhOy interactions

occur for analogous reasons because the Ob and Oy orbitals are generally
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directed toward the hydrogen atom. That the HhOb interaction is about
twice as strong as that for HhOy reflects the fact that the Oy orbital
has only one of its two identical lobes close to the hydrogen atom H,
whereas the Ob orbital is effectively concentrated in the single lobe

which lies near the hydrogen.

c. Changes in the interatomic quasiclassical interactions due to

charge transfer in Hy0 The changes in the interatomic quasiclassical

interactions, due to charge transfer, are given in the second column of
Figure 5.

The SNA terms on the right side of the column represent the shielded
nuclear attractions of the hydrogén atom for the electronic charges
transferred to the oxygen atom, i.e., the qT(Oa)Oaz's (see Eq. II-2-8
and Figure 1). These terms are all negative since, as mentioned in Sec.
II-B, the hydrogen atom has a net quasiclassical attraction for electronic
charge. The only large terms are for the bonding orbitals, since in
these cases the qT(Oa)Oaz's are much cléser to the hydrogen atom, and
also the qT(Oa)'s are larger.

The SNA terms on the left side of the column represent the shielded
nuclear attractions of the neutral "orbital atom-fragments', of the
oxygen atom, for the positive resultant charge on the hydrogen atom, i.e.,
qT(H)HhZ. The "orbital-fragment" of a spherically symmetric orbital on
the oxygen atom would slightly repel qT(H)HhZ, since it would have a
slight net attraction for electronic charge. Thus the HhOi interaction
is very slightly repulsive. The O{ atomic-fragment has a strong

repulsion for qT(H)HhZ, since the nuclear charge fraction is much closer
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to the hydrogen atom than the electronic charge cloud of the 0/

orbital., Conversely for the Ob orbital-fragment there exists a small
attraction for qT(H)HhZ; it is not nearly as large as the repulsion of
the O atomic-fragment, since in this case the interacting electronic
charge distributions overlap considerably, weakening their attractive
interaction. In the case of Oy, we see a slight repulsion, no doubt due
to the fact that only one lobe of the Oy ofbital acts to shield the
corresponding fractional nuclear charge.

The OEI terms in the center of the column represent the quasiclassi-
cal interactions of the qT(Oa)Oaz's, i.e., the electronic charges
transferred to ghe oxygen orbitals, with qT(H)th, i.e., the chargé
density of the positive "hole" left on the hydrogen atom. These are, of
course, all attractive, with the greatest attractions coming when the
corresponding charge distributions are closest, such as with the bonding

orbitals,

d. Intra-atomic quasiclassical effects of charge transfer in Hy0

The changes in the intra-atomic quasiclassical interaction, due to charge
transfer, are given in the second column of Figure 4, according to
orbitals.

In Sec. II-B it was observed that it is reasonable to include the
kinetic energies of the pT(Aa)'s along with these intra-atomic quasiclas-
sical energies, since the totals which then result can be interpreted as
being close in principle to .the electronegatives of the atoms.

The kinetic energies (KIE) of the electronic charges transferred to

the oxygen atom are all seen to be positive, as they must be. The
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Promotion
Orbital] k 8 z y X Total
KIN| -.57 6.24 - -.55
o x M 1.17 -6.49 - - - 1.16
EI -.66 -13.11 28.23 -13.78 -.0k -.79
TOT -.06 -13.36 28.23 -13.78 - .04 -.18
KIN| 6.2% -19.69 - - -13.46
0 VA -6.49 64.41 - - 57 .94
EI | -13.11 -4,67 9.17 -14,02 -9.67 -36.50
TOT | -13.36 40,05 9.17 -14,02 -9.67 -7.98
KIN - - 32.62 . 32.62
0z WA - -11%.70 - - ~ -114%.70
2 g1 28.23 9.17 12.15 -.62 19.50 71.62
TOT [ 28.23 9.17 -69.93 -.62 19.50 -10.46
KIN - -16.08 - _ -16.08
0 NA - - 56.55 - 56.55
Y g1 | -13.78 -14,02 -.62 1.35 -3.34 -29.85
TOT | -13.78 -14.02 -.62 41,82 -9.3%4 10.62
KIN - - - -
0ox A - - - -
EI| -.0% -9.67 19.50 -9.34 - -
TOT -.04 -9.67 19.50 -9.34 - -
Total
0 KIN 2.53
NA .94
EX 4,49
TOT 7.95
Figure 4, Intra-atomic energy contributions for H.O

2
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Quasi- Sharing Sp+QC
classical Penetration
Orbital QCT SPN SPT Total
KIN ,00 .00
SNA .00 : .00
01 op1 .00 .00 .00 .00
TOT ,00 .00 .00 .00
KIN 2.69 2.69
SNA -2.88 -2,88
014 of1 24 .71 -2.35 -1.4%0
TOT. .05 .71 -2.35 -1.59
KIN 9. 44 9.44
SNA . -8.11 -8.11
0b ogr .58  6.97 -3.45 4,10
TOT 1.91 6.97 -3.45 5.43
KIN 10.31 10.31
SN& -7.83 - -7.8
0V oz1 0.59 6.49 -2,60 4,4
TOT 3.07 6.49 -2.60 6.02
KIN . .00 .00
SNA .00 .00
O0x oI - .00 .00 .00 .00
TOT .00 .00 .00 .00
Total
0 KIN 22.44 22.44
SNA -18.82 -18.82
ORI 1.41 14,18 -8.%0 7.19
TOT 5.03 14.18  -8.40 10.81
Total
H KIN -2.39 -2,39
SNA 1.79 1.79
ocI 0.26  4.71 .12 5.09
TOT -0.3% 4,71 .12 4,49
Total
Ho0 KIN | 17.66 17.66
SNA -15.23 -15.23
OEI 1.93 23.61 -8.17 17.37
TOT 4,35 23.61 -8.17 19.80

Figure 4 (Continued)



Quaslclassical Electrostatic

Orbital Sharing
Pair Penetration : Interference
. Intra-bond Inter~bond
QCN_ QCT QC (N+T) SPN SPT ___SP(N+T) SIN SIT SI(N+TY s LN+
0
i KIN .00 «00 .00
1 h SNA -.06 .02 .00 -.0% .11 .00 .00 .00 .11} .06 .00 .00 .00
orl .00 .00 .00 .00 .00 -.10 -.10 .06 .06
TOT -.06 .02 -.04 .00 .00 .00 .00 .00 .00 .00 : .00 . .06
KIN . 3.60 3.60
1 h SNA 9% .87 -.04 1.77 26 -.26 -.11 -.02 -,13 -.01 -.03 -.0%
OEl -.13 -.13 -.18 .66 .48 -.19 -.19 }-.02 .12 a1
TOT .94 .70 1.64 -.18 .66 .48 3.41 -.11 -,02 3.2 .09 -.03 07
KIN ‘ ~ -9.0% -9.0% . '
by SNA |-2.25 -.18 -2 -2.85 2.73 -.85 .09 -.08 1.89 .30 -.12 .18
OEI -.37 -.37 1 4.4 .85 -3.56 -.01 ~-.011] .08 .01 .09
TOT | -2.25 -.97 -3.22 | -4.41 .85  -3.56] .7.16 .09 -.08 -7.15 .39 -.12 .27
KIN -7.70 -T.70 :
n SNA -.98 .06 -.35 -%.27 3.72 -2.,45 -.09 -.30 7,59 .79 .25 1.0%
VB ooer -.35 -.35 | -4.16 46 -3.70 .34 "3 k.19 .03 -.02
TOT -.98 -.63 -1.61 | -4.,16 .46 -3.70 -6.09 -.09 -.30 -6.28 . .25 8
KIN .00 .00 '
SNA A7 .43 .00 .60 -.38 00 .00 .00 .38 .00 .00 .00
X h opr .00 .00 .00 .00 .00 -.58 -.58 1 .23 .00 .23
TOT .17 .43 .60 .00 .00 -.96 .00 .00 .. 96 .23 .00 .23
KIN i -13.14 -13.1% .
232:13““ -2.17 1.20 -.81 -9 . 6.45 -3.56 -.12 -.30 2,38 1.07 100 1.17
on CEI -.84 -.84 | -8.75 1.97 -6.78 -.54% -.54 .16 .10 ) .26
TOT | -2.17 -.46 -2.63 | -8.75 1.97 -6.78] -10.79 -.12 -.40 -11,30 1.33 .10 1,44
KIN : 3.88 3.88 ,
522213““ -.22 .06 06 -.10 -.76  -.76 -.02 -.02 -1.5% .16 -.24 .09
H H OEI .28 .28 .18 .11 .30 .01 .01 1}.10 .10 21
TOT, -.22 .40 .18 .18 .11 .30 2,37 -.02 -.02 2.3% .36 -.2% .12
SNA | -4.57 2.6 -1.57 -3.68 | L e 2 v 2.26
TotalSVA  -3. . -1.57 . -3. 2.1 -7.87 -.25 -.80 3. 2.30 -0 .
0EX -1.%0 -1.4Q {-17.31 4.0 -13.2 -1. -1.07 | 32 .31 .73
H20 ot -4.57 -.52 -5.0 -1}.31 u.og -13.2; -19.2 -.25 -.80 -20.26 3.03 -.04 2,99

Figure 5, Interatomic energy contributions for H,0

0L



Figure 5 (Continued)
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Orbital — —
ot Totals
N T N+T
OH
. KIN .00 .00 .00
OEI -,0 .00 -,0%
TOT 01 02 .02
KIN 3,60 00 3,60
OEI ~e26 .53 27
TOT _ 4,28 1,20 5,47
KIN -9.0“’ ooo "90°u
SNA
b ~07 =72 =,78
boer | aop B 3l
TOT -13.43 -.23 13,66
KIN «7.70 00 7,70
- SNA 1,08 -2 .66
OEI -l,04 A1 3,9
TOT -10.67 -.31 -1009
KIN .00 coo -.00
SNA -,21 43 .22
xh OEI -.35 voo "03
TOT '057 lua .‘1
KIN | =13.14 .00 213,1%
Pond. SN 1,79 -.03 1,76
0 H OEI -9.02 1.13 "7-90
TOT | -20.383 1,10 =19,28
' 3,88 00 3,38
Bond SN | {l58 .15 -1i73
Tota'lo._:I .39 .33 .79
HH' pop 2,69 .2 2,93
KIN | -22,41 .00 22,41
Tota1SNA 2,00 .21 1.79
H,0 CEL | -17.65 2,65 -15,01
2Y ror | -38,06 2,4k 35,62



72

largest ones are seen to be for the orbitals which receive the most
transferred charge, since there are only very minor differences between
the kinetic energies of the various orbitalé (except for the 0i orbital,
which receives no transferred charge).

The shielded nuclear attractions (SNA) are seen to be of about the
same magnitude as the kinetic energies, but opposite in sign. The
reasons that the shielded nuclear attractions are of about the same
magnitude, but somewhat less than the kinetic energy terms, were discussed
in Sec. I1II-B-4.

The quasiclassical interactions between the various charges trans-
ferred to the oxygen atom (OEI) were partitioned among the various
orbitals by dividing each interaction energy equally between the two
orbitals involved. It is seen thét they are, of course, all positive,
and their magnitudes small, as would be expected since they represent the
interactions of relatively small charges which are Qidely distributed in
space. Their magnitudes are seen to reflect generally the amounts of

charge transferred to each orbital.

4, Interference II

a. Interference partitioning of the pair density Orbital expan-

sion for the pair density: The electronic pair density resulting from a
calculation based on atomic orbitals has a unique expansion in terms of
them, viz.,

7(1,2) = X S p(AaBb|AaBb)[Aa(l)Bb(1)][Aa(2)Bb(2)] . (1I-2-15)
Aa,Bb Aa,Bb
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Here the first orbital product AaBb refers to the first electron of the

interacting electron pair, and the second orbital product AaBb to the
second electron. From a physical point of ﬁiew, the form of Eq. II-2-15
can be understood by remembering that T is related to the electrostatic
interactions between electron densities. The p(AaBb/KEEE)'s will some-
times be referred to as 'pair bond-orders'.

It is often instructive to consider 7 as composed of two compeonents

T, and T, as given in the equation
T(1,2) = Te = Ty = p(L)p(2) - Wk(l,Z) . (I1-2-16)

Here T, represents the pair density for the classical electrostatic inter-
action of the molecular charge density p with itself, and hence has the
form p(1)p(2). The generally much smaller component T, represents the
correction to T, which is necessary to obtain the true pair density .

For a SCF type wave function, Ty is everywhere positive, and can be inter-
preted as corresponding to the self-repulsions of electrons. These
self-interactions are erroneously included in 7, and must be taken out in
order to get the true interelectronic interactions (24).

Interference related pair densities: The terms constituting the
partitioning of 7, as given in Eq. II-1-18, can be grouped into interfer-
ence and non-interference related terms. The definition of the
interference related terms (WIP, WIT, and TLI) is chosen in a manner very

much analogous to that used in obtaining ol

, L.e., by assuming that each
interatomic orbital pair generates certain characteristic interference

terms independently of the other pairs, and that the pair bond-orders act
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merely as weighting factors. This partitioning is carried out by
expressing the orbital products of Eq. II-2-15 in terms of <AaBb> and

2 .2
(Aa +Bb) according to Eq. II-2-8., For the coulombic part, Tys this

procedure is equivalent to substituting the partitioning of p (into pI
and pP+pT) in P(1)p(2).

The above described procedure yields two types of interference
related terms, viz., those proportional to <AaBb>'K;2,l and others
proportional to <AaBb>-<§;.-B-g>.

The terms proportional to <AaBbj>'K§2 constitute WIP+WIT, and their
form is seen to agree with their conceptual interpretation as correspond-
ing to the electronic interaction between pP(Aa) + pT(Aa) and pI(AaBb).
For this reaéon, the energies arising from them, after being summed over
the orbitals Aa of atom A, are combined with the nuclear attracﬁion

energy of pI(AaBb) in the field of the nucleus of A, to give a shielded
]

nuclear attraction energy for the interference density pI(AaBb) with

respect to atom A,

In order to keep the transfer and nontransfer energy terms separated,
the shielding electronic interactions between the pl(Aa)'s and pl(AaBb)'s
were taken out of the above terms and tabulated separately as charge

transfer contributions to the interference énergies.2 Both the shielded

lrhe partitioning also results in terms proportiomnal to <AaBb,AaAa'>,
but these are so small that they will not be elaborated further here.

21n separating out these interactions, it was assumed that they are
completely of a coulombic quasiclassical nature and therefore have pair
density terms of the form pT(Aa)pIl(AaBb). This assumption is not
completely justified, but the smallness of the terms involved, coupled
with the fact that total electronic interactions are usually about 90 per-
cent coulombic, suggests that the error so introduced should be relatively
small,
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nuclear attraction energies for the neutral atoms, and those due to the
changes in the shielding because of charge transfer, are listed in
Figure 5 in the row SNA.

The second type of interference terms, i.e., those proporpional to
<Ath>~<Z§§ES, constitute LI of Eq. II-1-18, and are interpreted con-
ceptually as corresponding to electronic interactions.between pI(AaBb)
and pI(KEEE). These interactions are summed up according to orbital
products on the basis of dividing the ‘interaction energy equally between

the two orbital products involved.

b. Potential contributions to the interference energy in Hp0

The shielded nuclear attractions (SNA) of the promoted oxygen and hydro-
gen atoms for the interference de;sities pI(HhOa) are given in the left
and right sides respectively of the seventh column of Figure 5. The
changes in these terms due to charge transfer are given in the left and
right sides respectively of the eighth column. The shielded nuclear
attractions (SNA) of the opposite H' atom for fhe pI(HhOa)'s are given
in the tenth column of Figure 5, with the corresponding changes due to
charge trénsfer being givén in the eleventh column.

Fromlthe neutral shielded nuclear attractions of the seventh column,
it is seen that the two bonding-orbital pairs HhOb and HhOy follow the
total effects for the OH bond, which were discussed in Sec. I1I-1-3, and
in fact determine the nature of the total effects. Thus the central
negatively charged regions of the interference density pI(HhOb) and

DI(HhOV) are shifted very close to the H atom, so that their interactions

with that atom become attractive instead of repulsive as in a homonuclear
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situation.

The shielded nuclear attractions for pl(HhO{ ), although similar in
sign to those for the bonding orbital pairs, have a different origin.
First, the central region of pI(HhOI ) is positive in charge, since
DI(HhOZ ) is an antibonding interference density. Secondly, since the
0f orbital lies toward the 'back" of the oxygen atom, this central
region of pI(HhOL ) lies close to the oxygen atom as was the case with
the bonding orbitals. This results in pI(HhOI ) being attracted by the
H atom, as it would be in a homonuclear case, and’being repelled by the
0 atom (which is ;pposite to the homonuclear case), due to the predomi-
nance of the repulsion of the O atom for the large central positive region
of pI(HhOI ) close to it. Another situation which no doubt contributes
to the repulsion of pI(HhOI ) by #he oxygen atom is the fact that this
atom has its greatest affinity for negative charge on the side towards
the hydrogen atoms, and therefore has its greatest repulsion for positive
charge just where the large positive region of pI(Hth ) is located. 1In
comparison with the shielded nuclear attraction terms for the bonding
orbital pairs, those for pI(HhOI ) are weak. This again indicates a
weaker interference, which is due to the small overlap between the 0/
and Hh orbitals,

The negative potential energy of DI(HhOX) with respect to the shield-
ed oxygen atom (-.38 ev) occurs because the electronic interactions,
which we interpret as being between DI(HhOX) and the promoted oxygen
electrons, are of an attractive character instead of being repulsive.

This is because these interactions are of the same sort which led to the
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negative energy arising from WII(OHIOH), which was pointed out in Sec.
IT1-B. Since this latter effect will be discussed in detail a little
further on, the present effect will not be further elaborated on here,

The energies of the pI(HhOa)'s with respect to the shielded (oppo-
site) H' atom are seen to follow the general trend except for that of
pI(HhOI ), which is essentially zero. This latter is again due to the
close proximity of the central positively charged region of pI(HhOI ) to
the oxygen atom, so that the interactions of the H atom with both the
positively and negatively charged regions of pl(HhO£ ) are about equal.

As mentioned egrlier, the terms representing the electronic interac-
tions which arise between the pl(HhOa)'s are divided up and summed
according to the orbital products HhOa. For the various.érbital products
of the OH bond, these sums are given in the seventh column of Figure 5
in the row labeled OEI.

For the HhOy orbital pair there is the expected repulsion (.34 ev),
which is actually considerable considering the diffuse and overlapping
natures of the interacting charge distributions, i.e., DI(HhOy) with the
various pI(HhOa)'s. With the HhOi, HhOL , and particularly the HhOx
orbital pairs, negative rather than positive contributions are found, and
they lead to the over-all attractive interaction arising from WII(OHIOH),
which was noted in Sec, II-B-3. The origin of these contributions is
best seen from a consideration of the HhOx orbital pair. As noted
earlier, pl(HhOx) is identically zero because the bond-order p(HhOx) is
zero for symmetry reasons. However the orbital product HhOx is not

identically zero, and hence there exist contributions to 7 of the form
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p(HhOx/HhOx) (HhOx) (HhOx) which give rise to electronic interaction ener-
gies, (Pair demsity contributions of the form p(HhOx/HhOa) (HhOx) (HhOa),
with Oa#0x, lead to vanishing energy integrals because of symmetry.)
These contributions to T actually arise from the exchange term Ty, since
the coulomb term T, vanishes on account of pl(HhOx) being identically
zero. Similar markedly negative energy contributions were observed
earlier which were interpreted as intéractions between DI(HhOX) and
pf(0).

In view of the significance of Ty discussed earlier, these contribu-
tions must be considered as self-repulsions of electrons which are shared
by the Ox and Hh orbitals..l As pointed out in Sec. II-B, these energy
contributions appear to be related in character to those terms which

give rise to Hund's rule for energy levels of different multiplicity.

5. Sharing penetration

a., Partitioning of the interference free density The interfer-

ence free terms occurring in the general partitioning of 7, given in Eq.
I1-1-18, are obtained by subtracting from 7 the interference related

terms discussed in the preceding section. Thus they are found to be

11t is seen from this that the sharing of electrons between two
orbitals does not necessarily lead to an interference term for the
electron density. This arises from the fact that it is not justified
to identify the electrons with the molecular orbitals of an SCF wave
function., '
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7 4+ oF ¢ Q0T o SSPT L (IR AT I

£ I q(Aa|Bb)Aa(1)Bb2(2)
Aa Bb

£ % I £ q(Aaha|Bb)Aa(l)Aa(1)Bb3(2)
Aa,aBb
a

z_p(AaAZ,AaAZ)Aa(1)AZ(1)Aa(2)AZ(2) .
3
(11-2-17)

The first summation on the right hand side of this equation is by far the
most important. The second summation gives rise to an entirely negligible
energy, since both the q(AaAZ'Bb)'s as well as the corresponding elec-
tronic interaction integrals are very small. The last summation is small,
though not negligible, since the p(AaAZ]AaAE)'s are not small, but the
corresponding integrals are.1

Since different atomic orbitals of the same atom are orthogonal, the
last two summations of the right side of Eq. II-2-17 vanish when the pair
density of that equation is integrated over pair density space. Further-

more, since the atomic orbitals are normalized, and this

lrhere are no contributions to the pair density of Eq. II-2-14
of the form (AaAalAa'Aa'), where a#a' and afa', since the original 7
of Eq. II-2-12 contained no such terms, and the interference
partitioning resulted in none. The original T did not contain these
terms because, for the valence atomic orbitals, the intra-atomic
parts of p are diagonal, and this results in the intra-atomic parts
of T being diagonal for a SCF wave function where T is constructed
from p by a given relation.
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integration1 gives the total number of electrom pairs, viz., N(N-1)/2,
we have
1/2j]'(1r1’ + 7% 4 RCT 4 TSPT)dv,dv, = 1/2 & Z q(Aa|Bb) = N(N-1)/2 .
Aa Bb

(I1-2-18)
Hence, q(Aa,Bb) is called the pair population for the orbital pair AaBb,
i.e., the probability of finding an electron in orbital Aa simultaneously
with another one in orbital Bb, times the number of electron pairs. The
non-negligible first and last summations of Eq. II-2-17 are given in
terms of contributions of orbital pairs, with the major contributions
having the coefficients q(Aa[Bb). This is quite analogous to of + pf
being given as a.sum of orbital contributions with populations q(Aa).

As a consequence of the decomposition of Eq. II-2-16 of the original
pair density 7, the interference free pair density of Eq. II-2-17 consists
of a coulombic part and an exchange or self-pair-density part. Since the
interference partitioning of 7 is such that the decomposition of T, =
p(l)p(2) is just that resulting from substituting the partitioning of
p in p(1)p(2), the coulombic parts of the pair density of Eq. II-2-17 are
of the form q(Aa)q(Bb)Aaz(l)Bbz(Z), and hence belong to the first summa-

tion. Thus we have

q(Aa|Bb) = q(Aa)q(Bb) - q,(Aa|Bb) (I11-2-19)

1The integration in question is understood to be 1/2 / dvidv, so that
each pair of volume elements is only counted once., This J must be since,
by definition, m(xy,%2) gives the total number of pairs between the points
x] and x2. The same integration convention applies also to the calcula-
tion of the electronic interaction energies.
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where the qx(Aa|Bb)'s arise from the interference free part of the ex~
change pair density Ty 1t follows furthermore that the last two
summations of the right side of Eq. II-2-17 arise entirely from the
interference free part of Tg, which in part accounts for their smallness.

If, now, the partitioning of q(Aa) in terms of qP(Aa) and qT(Aa),
as given in Eq. II-2-12, is substituted into the coulombic terms of Eq.
I1-2-19, then those terms yield the following contributions to Eq. II-2-
17: the coulombic intra-atomic parts of Wr, all the interatomic parts
of WP, and all parts of mRCT, The latter two héve already been discussed
in the previous section in connection with the neutral quasiclassical
interactions of the promoted atoms, and the quasiclassical effects of
charge transfer respectively.

It remains therefore to find the intra-atomic exchange terms of the
promotion state pair demnsity WP, and also the terms T5F and WSPT of Eq.
II-2-17 which describe the sharing penetration due to electronic sharing
before charge transfer, and due to charge transfer, respectively. The
latter two terms must be entirely exchange in character, since the
coulombic.pair density of Eq. II-2-17 has been exhausted by its contribu-
tions to FP and 7R€T, This is in agreement with our earlier interpreta-
tion of no electronic density changes being associated with 7P and 7SPT,

Since the contributions of the third sum of the right side of Eq.
I1-2-17 are completely intra-atomic in character, and furthermore are of
a sort which we know the promoted states must contain, they are

P

considered to comprise part of the intra-atomic 7*. The contributions

to the second sum are considered to constitute part of WSP, since the
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conservation relation between the electron density and pair density is

immediately satisfied if this is assumed. Actually these latter terms

are so small that their interpretation is of no consequence whatsoever.
The contributions of the q,(Aa[Bb)'s to P, 7P, and 75T, will

be examined in the sections to follow. They are given by the quantities

qu(Aale)'s, quP(Aale), and quPT(AaIBb)'s, respectively, which

satisfy the relation
q,(Aa|Bb) = q}S{PT(AaIBb) + q}S{P(Aa,Bb) + qi(Aale) . (11-2-20)

Additional definitions are required in order to obtain values for the in-
dividual components in Eq. II-2-20. The definitions adopted here lead to
the following scheme: the quT(Aale)'s, and thereafter the qu(Aa,Bb)'s,
are calculated separately. Then the qi(Aale)'s are obtained by sub-
tracting the quT(Aa]Bb)'s and qSP(AaIBb)'s from the corresponding
qx(Aa,Bb)'s. In view of the above, then, the four components of Eq.
11-2-17 are given by expressions of the form

7 = & = ¢Faa)qE(Bb)Aa®(1)Bb2(2)
Aa Bb

- £ I q.(Aa|Aa)Aa®(1)Aa%(2)
A a,g@

+ I I p(AaAa|AaAa)Aa(l)Aa(1)Aa(2)Aa(2) (11-2-21)
A a,a
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F = £ % qy(Aa|Bb)Aa?(1)Bb2(2)

Aa Bb
+ I I £ q(Aaka)Bb)Aa(l)Aa(1)Bb>(2) (11-2-22)
A a,a Bb
7P = - £ 5 ¢SPT(Aa|Bb)Aa?(1)Bb2(2) (11-2-23)
Aa Bb

QCT _ 5 & qP(aa)q® (Bb)Aa2(1)Bb2(2)

T =
Aa Bb
T T 2 2
+ 1/2 & Z q (Aa)q(Bb)Aa“(1)Bb“(2) (11-2-24)
Aa Bb '
Aa#Bb
b. Charge transfer effects on the sharing penetration . The non-
i

coulombic effects on the pair density due to charge transfer, given by
Eq. II-2-23, are found by an argument which is similar to that used in

finding pT. We set (24)
SPT(Aa[Bb) = [qT(Aa)A(Bb)+A(Aa)qT(Bb) ]| V,(Aa|BD)| . (11-2-25)

where A(Aa) and A(Bb) are parameters which are determined by the following
conservation relation between the transfer parts of the electron density

1
and pair density.

z q}S{PT(Aa[Bb) = qT(Aa) (11-2-26)
Bb

!
IThis equation results from the conservation relationk/}dvlvk(l,Z) =
p(2) which establishes a generally valid connection J

between the density and pair density of any system.
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The Vx(Aale)'s are pair density quantities analogous to the v(4a)'s,

and are given by -
V,(Aa/Bb) = q (Aa|Bb) - p_(Aa?|Bb?) (1I-2-27)

where the px(Aalebz)'s are the exchange parts of the p(Aalebz)'s of

Eq. II-2-15.

c. Neutral sharing penetration effects The effect on the pair

density arising from sharing penetration between the neutral promoted
atoms constitutes WSP = -wip,_given in Eq. II-2-22.

Since there are no exchange, i.e., self-repulsion, pair density
terms between the promoted atoms before electron sharing and penetration
is allowed, any parts of the interatomic qx(Aale)'s which remain after
the subtraction of the quT(Aale)'s from the qx(Aale)'s must be }
considered to arise from sharing penetration. Hence they are identified
as the interatomic parts of mSE.

The intra-atomic parts of 7F cannot be obtained in this way, since
the intra-atomic parts of w£ are not necessarily zero. These intra-
atomic parts of WSP are found by the following reasoning. We use the
interatomic contributions to T°F as a measure of the amount of electron

sharing penetration for the various orbitals and consider

05P(aa) = Z'q3F(Aa|Bb) A # B (11-2-28)
Bb

as a measure of the total interatomic electron sharing of the orbital

(Aa). The intra-atomic terms of 7°F are then defined by
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¢SP(aa)aa) = -q5P(aa)qSP(aa) /25 (aa) . (11-2-29)
The choice of the numerator in Eq. II-2-29 is based on the following
arguments. Since the intra-atomic terms of WiP referrihg to two orbitals
Aa and Aa describe self-repulsions of certain electrons which are shared
between them,.these terms are affected by interatomic sharing only to the
degree that these same electrons are being shared with the other atoms,
i.e., to the degree that both orbitals Aa and Aa are acquiring interatomic
sharing contributions. Thus, if an electron is not involved in inter-
atomic sharing, there is no reason why its sharing within the atom should
be affected when other electrons change their internal sharing situations
due to external sharing. These other electrons merely substitute for
each other in their interactions with the first electrom.
The denominator of Eq. II-2-29 is a consequence of the choice of
the numerator and the conservation relation
£ q§P(Aa|Bb) = 0  (11-2-30)
Bb
where the sum runs over both inter- and intra-atomic terms. This condi-
tion expresses the fact that sharing penetration is considered to change

the pair density without any change in the electron density.

d. Sharing penetration effects in H0 The values of the

qu(Aa,Bb)'s and quT(Aa,Bb)'s in the case of H,0, obtained from Egs.
I1I-2-29 and II-2-25 respectively, are given in Figure 3.

The pair populations describing the 'neutral’ (i.e. before charge
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transfer) sharing penetration for the Ob and Oy orbitdls are seen to be
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small. This reflects the fact that the Ob and Oy orbitals strongly
share electrons with the hydrogens, while the Of orbital does so much
less.

The almost negligible smallness of the terms involving the o/
orbital is however peculiar, since the interference terms, which were
discussed earlier, indicated small but not negligible sharing for this
orbital, although in an antibonding manner. It may be that this result is
similar to the negative sharing penetration between the two hydrogen
atoms, noted in Sec. II-B-4; for in both instances, there are antibonding
interactions involved. Furthermore, negative sharing penetration terms
have been observed in a number of other molecules in connection with anti-
bonding interactions (23, 12). These results seem to indicate a possible
conflict between the concept of sharing penetration and the method we have
used to obtain a quantitative measure of it. It abpears however that
there is at least a consistency in the way in which the negative terms

arise. While it is possible that they come about because of limitations

in the wave functions being analyzed, it seems more likely to us! that

1It may be noted that the negative sharing penetration energy which
arises between the two hydrogen atoms is a direct result of the sign of
qx(HhIHh'), and that the latter arises directly from the interference
partitioning. It does not arise from any arbitrariness in the definition
of the interference density pI(thHh‘), which is uniquely determined in
this case. It may arise from our particular way of extending the inter-
ference partitioning to the pair density, though this seems unlikely.
Also it may arise from inaccuracies in the present wave function, which
are known to be serious in the region between the two hydrogen atoms, due
to the general breakdown of the MO method for large internuclear distances,
and perhaps to inaccurate three-center integrals. This possibility too
seems somewhat unlikely, since large negative sharing penetration terms
have been observed even in diatomic molecules.
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the physical picture may involve a fundamental conceptual omission.

The pair populations describing charge transfer sharing-peneiraiion
do not differ greatly for the orbitals involved. According to our
picture, they represent changes in penetration arising from the slight
shift in the probability densities of the shared electrons, attending
charge transfer. 1In view of the very small sharing penetration for the
0f orbital before charge transfer, the change in this penetration due
to charge transfer would seem unduly large. However, it is in line with
the sharing indicated by the interference terms.

For both the neutral and the transfer penetration, the energies
arising from the intra-atomic pair populations have been divided up
equally between the two orbitals involved, and then summed for each
orbital. The resulting sums are given in Figure 4, under neutral and
transfer sharing penetration interactions. As would be expected in view
of our method of dividing and then summing, the energy contributions for
the orbitals follow the trend of the pair populations discussed above.

The energies from the interatomic pair populations of the neutral
and transfer penetration are given in Figure 5 in the fourth and fifth
columns respectively. These energies too are seen to reflect their
corresponding pair populations. No dividing and summing by orbital
pairs was necessary in this case, since the hydrogen atom has only one
orbital so that there is a one to one correspondence between the

orbital pairs and the interatomic pair populations.
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6. Promotion

a. Promotion densities From Eqs. I1I-1-16 and II-~1-18, the

electron density of the promoted state of an atom A is given by

pP(a) = £ qP(Aa)Aa? (11-2-31)
a

and from Eq. II-2-18, the corresponding pair density by

T(4) = Z qP(aa)qP(Aa) - qB(Aa]Aa) Aa’(1)Aa%(2)
a,a

+ Zp (AaAa|AaAa)Aa(l)Aa(l)Aa(2)Aa(2) (1I-2-32)
a,a
where qP(Aa) is the orbital population of the orbital Aa of the promoted
atom A, and the qi(AalA;)'s are those parts of the qx(AalAz)'s which
remain after the qu(Aa,A;)'s and quT(AalA;)'s have been subtracted.

The density effects of promotion are defined as the difference be-
tween the densities of Eqs. II-2-31 and II-2-32 and the corresponding
densities for the ground state of the atom. For the hydrogen atoms the
choice of the ground state densities is unique. However for the oxygen
atom any of a number of ground state densities could have been éhosen,
each corresponding to a different orientation of that atom., Of these,
that orientation was selected in which the 2px orbital is doubly occupied,
an& the 2py and 2pz orbitals each singly occupied. (The 1s and 2s
orbitals are of course doubly occupied.) This is a natural choice since
then the promotion effects do not involve the 2px orbital, which has

already been seen to be largely inactive in the chemical binding due to
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its being a molecular orbital in itself. The electron density of the

ground state of an atom A is given by

0C(a) = = qG(aa)aa’ (I1-2-33)
a

where qG(Aa) is the number of electrons in the orbital Aa. The cor-

responding pair density is given by

1) = p%a)eSea) - 75¢a)

£ ®(aa)Caa)Aa2(1)Aa%(2) - & qS(aa|Am)aal(1)Aa%(2)
a,a a,a

(11-2-34)
where the qi(Aa[Ag)'s are the exchange pair density elements of the
ground state.

In general, promotion contains two kinds of effects, viz., contrac-
tive (or expansive) promotion which is reflected by an increase (or
decrease) in the orbital exponents, and hybridization promotion which
results in the formation of the valence orbitals by the hybridization of
the spherical orbitals. There are no promotion effects for the hydrogen
atoms, since the wave function does not allow mixing with higher hydrogen
orbitals, nor variation of the orbital exponents of the ls basis orbitals.
Also, since the orbital exponents of the basis orbitals of the oxygen
atom were not varied, we have to deal only with hybridization promotion
there.

The electron densities of Eqs, II-2-$3 and I1I-2-34 are given in

terms of the original spherical Slater type orbitals, since these orbitals
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are the appropriate ones for the description of the free atom. (If
other orbitals were used, the expression for pG(A) would contain cross
terms between the orbitals.) Since promotion involves a distortion of
the densities of the free atoms in their ground states, which are most
simply represented in terms of Slater type orbitals, it seems more
significant to investigate the effects of promotion in terms of these.
We therefore transform the electron densities of the promoted atoms,
given by Eqs. II-2-31 and II-2-32, back to the original Slater type
orbitals, before subtracting out the ground state densities.

When the electron density pP(A) of the promoted atom is transformed
from the valence hybrid orbitals to the Slater orbitals, it is no longer
a simple sum of orbital contributions as in Eq., II-2-31, but comes to
contain contributions from cross terms between the Slater orbitals.
Furthermore, the pair density of the promoted state comes to have terms
of the form (AaﬁglAa'A;') and (AaA;lAa'z). Consequently, the promotion
densities, and therefore the promotion energy, contain such cross terms.

In the subsequent sections we will attempt a decomposition of the
promotion energy into a sum of orbital contributions. From the fore-
going it is clear that such a partitioning requires considerable, if
somewhat arbitrary, partitioning of cross terms among the orbitals

involved,

b. One-electron energies As was mentioned in the previous sec~-

tion, the difference pF(0)-pCG(0) contains cross terms, when expressed in
terms of the original spherical orbitals. Thus, the kinetic and nuclear

attraction promotion energies also contain contributions from orbital
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pairs, which are given in Figure 4. 1In the present case such cross terms
occur only between the ls and 2s orbitals, a result which is due partly
to the vanishing of the kinetic and nuclear attraction integrals between
p-type and s-type orbitals, and partly to the fact that pP(O) contains
no cross terms between orbitals of different molecular symmetry.

If

v(Aa) = q*(aa) - qC(aa) (11-2-35)

denotes the change in population of orbital (Aa) as a result of promotion,
it seems reasonable to divide up the cross terms among the two orbitals

in proportion to their y(Aa)'s. Thus if the y(Aa) of an orbital vanishes,
it would not be reasonaEle to attribute any kinetic or nuclear attraction
promotion energy to it.

The kinetic and nuclear attraction promotion effects for the
individual orbitals, resulting from this partitioning, are given in
Figure 4.

Both the 2s and 2py orbitals suffer decreases in kinetic energy and
increases in potential energy, because they lose electronic charge to
the 2pz orbital, Concomitantly the opposite effects are observed for
the latter. Both the kinetic and potential energies of the 2s orbital
are somewhat greater than those of the 2p orbitals. Therefore the almost
complete cancellation of the kinetic and potential energy effects for the
2s, 2py, and 2pz orbitals occurs only because the 2s orbital receives a
substantial promotion contribution from its cross term with the ls
orbital, The potential and kinetic energy contributions of this cross

term are therefore of considerable importance in understanding the over-
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all kinetic and potential energy effects of hybridization promotion.
The exact significance of this electron density cross term is clear, but
it may represent to some extent an attempt at contraction promotion,

which was not allowed through variable orbital exponents.,

¢. Electronic interaction energy The transformation of WP(O)

to the original spherical orbitals results in three types of terms in
the electronic interaction promotion energy, viz., terms of the types
(AazlAzz) and (AaA;,AaAE), and terms involving more than two orbitals.
The terms which contain more than two orbitals are very small, and are
divided up among the various orbital-pairs which they contain on the
basis of how many times the orbital-pairs occur in the term, with one
orbital of the pair being associated with one electron, and the other
with the other electron. Thus a term of the form (ab,cd) is divided
equally among the four pairs ac, ad, bc, and bd. This is a somewhat
arbitrary division, but in view of the extreme smallness of the terms
involved, it cannot cause any misinterpretation. Thus the electronic
interaction promotion energy is reduced to contributions from orbital-
pairs only, which are given for_fhe oxygen atom in Figure 4.

As with the kinetic and nuclear attraction terms, we now proceed
to divide these orbital-pair contributions among the orbitals. Consider
first their coulombic parts. Since y(Aa) is the change in population of
the orbital Aa during promotion, the coulombic promotion pair density

for the AaAa orbital pair is

aF(aa)qf(4a) - qC(Aa)qC(Aa) = y(Aa)q(4a) + y(Aa)q(Aa) (11-2-36)
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where qG(Aa) is the initial population of orbital Aa, and E(Aa) is
1/2[qG(Aa) + qP(Aa)]. Now if the ry(Aa) of an orbital is zero, it would
be unreasonable to attribute any of the coulombic promotion to it. More
generally, it would appear sensible to attribute to orbital Aa the frac-
tion y(Aa)E(AE)/[V(Aa)E(AE) +‘y(A;)E(Aa)] of the coulombic promotion
energy between orbitals Aa and Aa.

Since the exchange part of the electronic interactions can be viewed
as subtracting out the self-repulsions of the electrons, we partition it
exactly like the coulombic part. Thus, we partition the total orbital-
pair contributions by means of Eq. II-2-36. The resulting orbital
promotion effects are given in Figure 4. Both the 2s and 2py orbitals
suffer a decrease in electronic interaction energy during promotion, no
doubt due to the fact that they both lose electrons thereby decreasing
greatly their external and internal electronic interactions. For the
same reason the 2pz orbital shows an even stronger rise in electronic
interaction energy, in that it accepts the promoted electrons from the 2s
and 2py orbitals. The ls orbital also suffers a slight decrease in elec-
tronic interaction energy due to the loss of a very small fraction of its
electronic population during promotion. The net result of hybridization
promotion on the electronic interactions then is to increase them some-
what (4.5 ev), due to the shift of electrons into the 2pz orbital from
the 2s and 2py orbitals. In a more general way the increase in energy
may be viewed as resulting from the greater concentration of electronic
charge along the z axis, as compared to the ground state in which the

charge is symmetrically distributed in the y-z plane. This greater
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concentration results from the greater accumulation of charge in the O£

and Ob orbitals, both of which have greater "internal" electronic

interactions (which are the strongest type) than the 2s and 2p orbitals.
The essential conclusion to be drawn from the discussion of promotion

is not the picture in terms of particular atomic orbitals, but the result

that the promotion energy has two components: a small increase in the one-

electron energy, seemingly connected with a pseudo-contractive effect,

and a somewhat larger increase in the electronic repulsion energy, due

to the slight compression of the valence electrons around the z-axis.

It should be kept in mind that the numerical results may change

considerably when contractive promotion is taken into account by the

variation of the orbital exponents.
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III. IS THE SHIFT OF CHARGE INTO A BOND RESPONSIBLE FOR THE

TOATIITTAT TAIMDAY TATIMD TR NIM TN MAT BMNITT
LULLIVL A6 LINGRGL uv‘lul’\.s.lzv uul'\.n.\Iu MiVLL LU E Uf\n\il\.ﬂ"’l'n\’l'?

A, Introduction

The application of the analysis of binding energies, developed by
Ru;denberg (24), to a number of molecules has led that author to suspect
that the shift of electronic charge into the bond region, which is known
to accompany chemical binding, may not be the principle factor in the
lowering of potential energy during molecule formation. Here this analy-
sis (24) is given for the binding energy of Hi+. This is followed by a
thorough examination of the potential energy effects of '"the shift of
charge into the bond region'" in the case of H2+. The results indicate
that, in this molecule at least, the lowering of potential energy upon
bond formation is in fact caused primarily by a contraction of the elec-
tronic charge cloud around each of the two nuclei, and not by the shift
of additional charge into the so-called '"low potential' region between
the nuclei.

The above investigations were carried out on the Dickenson wave
function (8) for H2+. By allowing for polarization of the ls orbitals
through the admixture of 2pO~type orbitals, this function is very nearly
exact, giving a binding energy of 2.73 ev as compared to the exact value
of 2.79 ev. It was decided to carry out the examination of 'the potential
energy effects of charge shifts" on this function, so as to avoid as much
as possible any wrong interpretations which might result from a more

approximate function.
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B. Analysis of the Binding Energy and the Shift
of Charge into the Bond Due to Overlap
The analysis (24) begins by assuming hypothetically that the sepa-
rated H+g§ ions (or the H atom, if the system is considered as H + H+)l
are promoted to certain "promoted states”.2 These are unique in that
they represent as far as one can go in describing the actual condition of

the Hf%

ions in the final molecule, without interatomic terms becoming
involved., One then imagines that the two promoted 1% jons are brought
together to the equilibrium internuclear separation, where they interact
in a coulombic quasiclassical fashion, i.e., we compute their classical
electrostatic interactions at this distance, considering that their
charge distributions remain fixed aﬁ what they were when the ions were
promoted, but separated. Finally, we imagine that the promoted H'M/2 wave
functions "interfere'" to give the resultant molecular wave function.
This interference is exactly analogous to that of classical waves, except
that the requirement for a normalized resultant function results in an
overall scaling down of the interfering functions when constructive

interference occurs, and a similar scaling up when destructive interfer-

ence occurs.

Lot large internuclear distances the wave function of the ground
state of H2+ approaches that of a hydrogen atom 1ls function on either of
the two centers or any normalized linear combination of these. Since the
symmetric linear combination corresponds most closely to the molecule,
this is the limiting function which will be referred to here.

2These energy changes are just those of a singly occupied 1ls orbital
when its orbital exponent (effective nuclear charge) changes from unity
to that of the 1s orbital of the Dickenson function.
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The Dickenson function is the simple normalized sum of two

normalized hybrid orbitals
7(,A = N(1s, + c2pUA), and 1'13 = N(ls, + c2pay) (III-1-1)

on the two centers A and B respectively. Here N is their normalization
constant, The polarization parameter (c¢) and the effective nuclear
charges of the 1ls and 2pCc orbitals are taken so as to give the best total
molecular energy. The 2po orbital on each center is directed towards the
other center.

The scheme of the above described analysis is seen to be immediately

's, each "occupied" with 1/2 electron, to

satisfied if we consider the 7(i
represent the promoted B wave functions (or for the H + xt system, the
promoted H atom represented by the singly occupied A ). The orbital x i
represents, i.e. is ''occupied" by, 1/2 electronic charge if it is

multiplied by 1/Y7i since then its square, which is its charge density,

integrated over all space is 1/2.

For the H2+ molecule the electronic charge distribution is given by

1

V2(1 + s)

2 2 2 : |
p=|Y¥| =N{1A2+1.B +27(,A7(I;} with N =
We have in effect partitioned p into two parts:
of =592+ 592
2 A 2 B

and

ooy =y (it - 027
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The energies arising from the above described effects are given in
Figure 6. It is seen that contractive promotion, computed by exciuding
the 2p orbital from the promoted state, results in a very strong rise in
kinetic energy and a very strong drop in potential energy. This is as
expected (24). The electronic charge is brought nearer the nuclei, and
the curvature of the wave function also increases.

The deformation promotion, which reflects the effect of bringing
the 2p function into the promoted state, is seen to give a very slight
rise in kinetic energy and a small rise in potential energy. Since both
the kinetic and nuclear attraction energy integrals between ls and 2p
orbitals on the same center vanish, these effects represent the changes
in energy of the small amount of charge which is transferred into the 2p
orbital during deformation. Thus the kinetic energies of both orbitals
are nearly the same, (no doubt due to the fact that the two orbitals have
about the same "siée” and overall curvature) but the nuclear attraction
energy of the ls orbital is greater (as might be expected because the 2p
orbital has a node at the nucleus).

The quasiclassical interactions give a small drop in potential
energy, in contrast to the situation with a wave function made for s-type
orbitals only (25). This is due to the polarizing effect of the 2p orbital
on the promoted state charge density. Thus, the interaction of the
nucleus of one center with the 1s2p dipole charge distribution of the
other center is seen to be the attractive effect. The interactions with
the lsls monopole and 2p2p quadrupole charge distributions (which, because

their orbital parts contain nonvanishing electronic charge, include in
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both'cases enough of the nuclear charge to form a neutral unit) are seen
to be slightly repulsive.

The interference is seen to lower the kinetic energy strongly, and
raise the potential energy somewhat. This is again as expected, since
the coﬁstructive interference and its associated renmormalization effect
on the total wave function results in a shift of electronic charge from
the regions near the nuclei to the central bond region. Thus electronic
charge is moved to regions of higher potential energy, and lower kinetic
energy. The kinetic energy contribution from a given point in space is
proportional to the square of the gradient of the wave functiom, and this
is very high near the nuclei as seen from Figure 7.

Thus, the present analysis fully confirms the findings and conclu-
sions of Ruedenberg (24), namely that, in terms of atomic orbitals, the
essential aspects of chemical binding must be described as an interplay
between interference (lowering kinetic and raising potential energy) and
contractive promotion (raising kinetic and lowering potential energy).
This situation is not changed by the admixture of p-orbitals, i.e., when
allowance is made for polarization of the atomic orbitals. Even though
such polarization, predictably, leads to an attractive, i.e., negative,
quasiclassical contribution to the bonding energy, these quasiclassical
effects cannot replace the dominant effects of interference and contrac-
tive promotion.

Now, since the so-called overlap effects are associated with inter-
ference and not with promotion, it follows that the accumulation of

charge in the bond due to overlap not only does not lower the potential
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energy but, in fact, is associated with an increase in potential energy.
In view of this result, one may raise the question whether it would be
possible to define the ''accumulation of charge in the bond" in a dif-
ferent way and without reference to overlap, and whether any such
definition could possibly lead to a lowering of the potential energy.
This question will be considered in the subsequent section.

C. Other Definitions of "Charge Shifted into the Bond"
and Their Energy Effects

1. Partitioning of charge density based on symmetry

Three methods were tried for separating the effects of the two
charge shifts, i.e. charge shifted into the bond and charge shifted
toward the nuclei. The first starts with the statement that none of the
charge lying along the internuclear axis, on the sides of the nuclei away
from the center of.the molecule, can possibly be considered to have been
.shifted there by a shift of charge-into the bond region. In other words,
while a considerable amount of charge may have been shifted from these
"outside regions' into the bond, we do not expect that any appreciable
charge has been shifted into them by any charge shift that can reasonably
be called "a shift of charge into the bond region'., It should be noted
that this is a very generous definition of ''charge shifted into the bond",
since many more restrictive definitions could be made. On the other hand,
to include any of the charge in these outside regions as ''charge in the
bond", would be almost tantamount to referring to the entire charge
density of the molecule as ''charge in the bond".

In view of the above, we therefore assume that any of the charge
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density along the "outside axes'" must be charge which was there original-

ly, or was shifted there by the clustering shift about the nuclei. Since
the clustering charge shift by definition is spherically symmetric about
each nucleus, we can now quantitatively separate the two charge shifts.1

When the potential energy effects associated with these two charge

shifts are evaluated, it is found that the potential energy is lowered
~ 5,36 ev due to the clustering shift, while the shift of the charge
into the bond lowers the potential enmergy only .63 ev. The interaction
energy of a proton with an unperturbed hydrogen atom at the equilibrium
internuclear distance is .75 ev,

Thus, we can hypothetically consider the formation of Hz+ in terms

of the follo&ing three steps: ‘

(1) The H%% ions, each having one half electron in a hydrogen ls
orbital, approach each other unperturbed to the equilibrium
internuclear separation, ‘There is associated with ‘this step
an increase of .75 ev in potential energy. (This step can
equally well be thought of, energy wise, as the approach of a
proton to an unperturbed hydrogen atom.)

(2) There is a clustering of part of the charge density of each of
the ions more closely about its nucieus. There is a drop in

potential energy of 5.36 ev due to this process.

1Mathematically, this partitioning is carried out by constructing a
hypothetical electron density on each nucleus which is spherically
symmetric and varies radially according to the charge density of the
molecule along the "outside axes". Each of these "atomic' densities is
the square of a hypothetical wave function composed of a linear combina-
tion of two ls orbitals and a 2s orbital, all of the Slater type.
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(3) There is a shift of another part of the charge into the bond
regions, and away from the outlying regions of the molecule.
The potential energy is lowered .63 ev due to this shift,

Steps (2) and (3) can be considered in either order, since they
involve shifts of different parts of the charge density.

It is seen that the three changes in the potential energy sum to a
lowering of 5.24 ev, which for the Dickenson function (8), is the total
drop in potential energy on molecule formation.

It is of interest to consider also the kinetic energy changes
associated with the three above steps. There gs of course no kinetie
energy change in step (1), due to the fact that the wave function remains

that of a hydrogenic 1s orbital. Step (2) raises the kinetic energy 5.59

ev. Step (3) lowers the kinetic energy 3.07 ev.

2. A geometrical partitioning of the charge density

The second partitioning of the charge density was carried out in an
attempt to analyze the situation from a somewhat different viewpoint.
Here, the charge density of the final moiecule was partitioned into two
halves by a plane passing through the center of the molecule and perpen-
dicular to the internuclear axis. The potential energy of each of the
two halves in the field of its own nucleus, and also that of the other
nucleus, were computed., It was found that the potential energy of each
half was -16.31 ev in the field of its own nucleus, and -6.72 ev in the
field of the other nucleus. Therefore the sum of the attractions of the
nuclei for the electronic "half charges' opposite them is .17 ev less

than the nuclear repulsion energy, which is ez/RAB = e2/2ao = 13,60 ev.
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The meaning of the ébove partitioning can best be understood by
hypothetically considering the charge density about each of the separated
'H*% ions to become distorted into the shape of the "half charge'. This
leads to a drop of 5.42 ev in potential energy. If the nuclei are now
brought to their equilibrium position, the potential energy rises #,17
ev. If the charge distributions of the separated H™ ions had not been
distorted, and the nuclei brought to the equilibrium position, the rise
in potential energy would have been .75 ev, as was mentioned above.
We see then that the distortion of the charge distributions gives a
much larger drop in "intra-atomic' potential energy than "interatomic'.

It is interesting that in both the foregoing charge density parti-

tionings, the lowering of the potential energy due to "intra-atomic"

effects is~5.4 ev and that due to "interatomic' effects is™6 ev.

3. Partitionings based on hypothetical wave functions

A still different approach can be taken by constructing a hypotheti-
cal normalized wave function of the Dickenson type which has the value of
the Dickenson function at the midpoint between the nuclei, but the values
of the H+% ls wave functions at each nucleus., This wave function gives
rise to an electronic charge density which resembles closely that of the
molecule in the bond region, but near the nuclei resembles that of the
separated ions. The potential energy corresponding to this wave function
should therefore, by its difference from that of the true function, tell
us something about the potential energy lowering due to the build up of
the charge in the bond.

It is found that the potential energy for this hypothetical wave
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function is -29.16 ev, i.e., 1.95 ev less than that of a hydrogen atom.
Since the rise in potential energy due to bringing the two gt% unperturbed
ions to the molecular internuclear distance i8 .75 ev, we see that the
lowering of potential energy due to the shift of charge into the bond
(as defined by this method) is 2.70 ev. This is about half the total
drop in potential energy on molecule formation, and is therefore
considerably higher than the estimates of the previous two definitions,

The underlying reason for this large estimate is no doubt due to the
fact that, by building up the charge in the center between the nuclei to
what it would be in the final molecule, we have also included some charge
which is shifted there by the radial shift toward the nuclei. This is
due to the fact that even in an isolated H atom, if we increase the effec-
tive nuclear charge so as to "pull in'" the charge cloud, we will build up
the charge density for some distance out from the nucleus. Actually in
this case the clustering shift itself builds up the charge density some-
what in the center of the bond. Also the charge shift into the bond
would no doubt take some charge from the very low potential regions near
the nuclei, which we have not allowed for here. Thus, this definition of
"the charge shifted into the bond'" probably does not include all the
""charge shifted into the bond", and definitely includes ''charge shifted
toward the nuclei', which it should not.

Benjamin Gimarc of John Hopkins University suggested to the author
that the opposite situation also be examined. Here a wave function was
constructed such that it had the electronic charge density of the molecule

at the nuclei. At the midpoint of the bond it had the value of the super-



Figure 6. Q:f_antitative partitioning of the binding energy of
H, (Dickinson Calculation)
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position of two Hts charge densities. This function was found to have a
potential energy 2.67 ev lower than that of the hydrogen atom, so that
this charge shift results in a total lowering in potential energy of 2.67

+ .75 = 3.42 ev,

4. Conclusions

If the orbital exponent (i.e., the effective nuclear charge in the
case of n=1 orbitals)‘of a hydrogen 1ls orbital is incréased from 1 to
1.25, the potential energy drops 6.8 ev, due to the closer clustering of
the electronic charge about the nucleus. 1In the.approximate wave functions
for Hi+ (in particular for the very accurate Dickenson function used here)
built from atomic orbitals, the orbital exponents are around 1.25. In
view then of the fact that one does not expect too different a behavior
of the potential energy of H2+, as compared to that of a H atom, when
the orbital exponents increase from 1 to 1.25, it should not be surpris-
ing that 5 to 6 ev of the lowering of the potential enmergy must be

attributed to clustering.
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IV. LOCALIZED ATOMIC AND MOLECULAR ORBITALS

A. Introduction

V. Fock (10) pointed out that a one-determinant many-electron wave
function is invariant with respect to unitary transformations among its
molecular orbitals. It is completely determined by the finite-
dimensional function space spanned by these orbitals and does not depend
on the basis chosen within this space. In particular, the orbitals
resulting from the Hartree-Fock equations represent only one of the many

possible unitary bases in the self-consistent-field space, defined by the

minimization of the energy integral. While they seem to be convenient
for describing spectral transitions and ionization potentials, it appears
likely that for an analysis of the intrinsic properties of a particular
state, for example the ground state, another unitary basis in the self-
consistent-field space may be more effective.

This fact was used by C. A. Coulson (7) who, in discussing the
dipole moment of the C-H bond, transformed the symmetry molecular orbitals
of methane into localized molecular orbitals along the four bonds, which
he called equivalent molecular orbitals. Later, the possibility of
constructing equivalent orbitals in the presence of a general symmetry
group was systematically analyzed by J. E. Lennard-Jones (13, 14 and 15).
Whereas the Hartree-Fock orbitals belong to irreducible representations
(as long as the Hartree-Fock operator is invariant), the equivalent
orbitals span reducible representations: certain symmetry operations

transform one equivalent orbital into another.
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J. E. Lennard-Jones and J. A. Pople (14) pointed out that the
equivalent orbitals presumably maximize the sum of the orbital self-
repulsion terms in the electronic interaction energy and therefore
minimize the "non-classical'' off-diagonal exchange terms. Because of
this property they can be considered as that unitary orbital basis in the
self-consistent-field space which exhibits maximum "localization'". This
characterization is of interest, because it furnishes a criterion which
is applicable beyond the scope of the equivalent orbitals, name1y~within
one symmetry species as well as in the absence of any symmet:ry.1

Finally J. E. Lennard-Joneé and J. A. Pople (15) also suggested that
such localized orbitals might be the most suitable ones for extending the
wave function to take into account correlation. For, it seems reasonable
to expect that they would exhibit a minimum of interorbital correlation,
so that intra-orbital correlation would remain the essential correction
(20). Thus A, Hurley, J. E. Lennard-Jones, and J. A. Pople (11) proposed
to replace each doubly filled localized molecular orbital by a pair
function,

In view of this interest in localized orbitals it is remarkable that
no attempts have been made to develop a method for finding them without,
the help of symmetry. There seems to prevail an opinion that considerable
difficulties stand in the way. S. F. Boys (3) has suggested to approxi-

mate such orbitals by what he terms "exclusive orbitals'. They are

IThat maximum localization might be an appropriate criterion in these
cases, was first conjectured by J. E. Lennard-Jones and J. A, Pople (14).
Thereafter the idea seems to have gained more and more ground.
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obtained by maximizing the product of the distances between the centroids
of charge of all molecular orbitals, a non-linear process carried out by
consecutive iterations. There are cases however where the procedure is
impossible as, for example, between various s-orbitals on one atom.
Another kind of localized molecular orbital was considered by

Ruedenberg (24) who defined ''valence molecular orbitals' by extremizing
the total overlap population of the individual molecular orbitals. The
method, which involves solution of an eigenvalue problem, is again not
completely general, inasmuch as it does not apply within an isolated
atom.

Here we describe an exact method for finding those molecular orbitals
which maximize the sum of the orbital self-repulsion energies. While the
process is iterative, its execution is very similar, in method as well
as complexity, to the solution of an eigenvalue problem by Jacobi's
method. We propose that the name '"localized molecular orbitals (LMO's)"
be used for these orbitals. Only in the presence of a symmetry group
can they acquire properties which, under certain conditions, cause them

to become equivalent orbitals.
B. Definition of Localized Orbitals

We consider the case of a determinantal wave function of 2N electrons

with N doubly occupied orthonormal orbitals Vllqu oo W vize,

1 2N-1
3 -4 { 0”@ 0™ ™)

(1v-2-1)
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as determined by a self-consistent-field calculation. Actually, the or-
bitals are not uniquely determined by § 3 any unitary transformation

between them will leave the wave function invariant and we must say that
§ is associated with the N-dimensional linear space subtended by ‘yl coe

YN

The electron interaction energy of § can be written

EL = (§] £ 1] [§) =C-X |, ' (Iv-2-2)
l<J
. ' r. -1
C = J._devE/dYZrlz p(1) p(2) ,
2, 2
=222 (Y, |¥a ] > (1v-2-3)
nm
1 .. [ -1 2
=ZZ[Y Y. ly.¥.] - (1v-2-4)
nm
where
P(L2) = ZY () WD) (1v-2-5)
p(1) = p(1f1) (1v-2-6)
[f]g] = :dv1 [dvz £(1) g(D/ry,y - (Iv-2-7)

Since EI depends only upon § , 1t is of course invariant against unitary

transformations among the Y 's. More specifically, however, the density
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kernel p(1]2) is invariant under such transformations, and so are there-
fore the ''Coulomb term'" C and the "Exchange term'" X, separately.

Such is not the case however for the sum of the diagonal terms

1

DY) = £ [¥ 2|¢.2 (1V-2-8)

which occurs in C as well as in X. It is therefore a meaningful question

to ask for that orthonormal basis klkz...% in the space spanned by

N
Yi¥o-- Wy which maximizes D(¥ ) i.e., given the basis Vi ¥y

find a unitary transformation
7\v (x) = : (Fn(x) Tn\’ ’ (IV-?:Q)
such that

2 2
D(N) = 5 My 1Ay ] (Iv-2-10)
is maximum.
The following remarks can be made regarding the orbitals Kl...KN.
Since D(Y/) can obviously be considered as a measure of the 'overall
localization" of the basis set qll...q/N, the Kl...xN represent, in the
given linear space, that orthonormal basis which exhibits ''maximum
localization'. They will be called localized orbitals.
Because of the invariance of C and X under unitary transformations,
maximization of D implies minimization of
c'= DDA, (1V-2-11)
v ity
VAL

and
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XP = 2 N MAT (1V-2-12)

v#u
‘The expression C' represents the total of all inter-orbital repulsionms,
and the quantity X' can be considered as the total of the self-energies
of all overlap-charge-distributions (v/iqu)' .These minimum properties
indicate that, in going beyond the SCF approximations, one is likely to
find the smallest correlation correction between different orbitals, if
one chooses the (%1k2...%N)as starting point.

If it should happen that the minimum X' vanishes identically, then
this would mean that these localized orbitals have the properties of
orthogonal Hartree orbitals (as opposed to Hartree-Fock orbitals). ’
Thus, the localized orbitals AMp. . Ay are those basis orbitals in phe
self-consistent~- field space which approach most closely the behavior

postulated for the Hartree orbitals.

The localized orbitals provide a quantitative basis for the qualita-

Las "orthogonal Hartree orbitals' we define those orbitals which min-
imize the energy of a Hartree product of orthogonal orbitals. The result-
ing equations differ from the Hartree equations by having off-diagonal
Lagrangian multipliers A;:. It can be shown that orbitals which satisfy
these modified Hartree equations also satisfy the condition of Eq. IV-3-
14, and hence represent the localized orbital basis in their function
space (which is of course not identical with the Hartree-Fock space).

2Hartree's functions satisfy the equations which result by discarding
the off-diagonal Aj; mentioned in the previous footnote. This introduces
some non-orthogonality. But frequently, the Hartree functions and the
orthogonal Hartree functions are not too different. Both exhibit local-
ized character. This localized character is entirely lost however, if one
introduces into the Hartree equations the common additional averaging
process over the electron-interaction potential. Under these conditions,
one obtains nonlocalized symmetry orbitals.
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tive chemical concepts of "localized electrons' and ''delocalized elec~
trons'". Since it is always possible to construct a delocalized orbital
basis from a localized orbital basis by a unitary transformation, it is

- obviously easy to choose many delocalized bases in a given SCF space.

In ordé;fto see to which degree electrons act as localized units, one has

to determine to which degree the SCF orbitals of maximal localization are

restricted to certain parts of space.

C. Determination of the Localized Orbitals

1, Orbital pair case
For a pair of orbitals it is not difficult to find the proper

localization transformation. Thus, letting

uq(x) cos 'y'-[»ll(x) + sin 'yqlz(x)

ug(x) -sin 'yq/l(x) + cos 'sz(x) (Iv-3-1)

we have a general orthogonal transformation of qll(x) and q/z(x) into

u (%) and u,(x). Then
(uyu,lupu,) = 1/4 sin®2y(A;,) + 1/2 sinby(B,,)
+ cos?2 (ylyzlylyjz) , (1v-3-2)
where
A= W W ey - 1/ ((Vfl'f'i)

2.2 2, 2
sliS GAL SVIRIC SN S0 (IV-3-3)
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and
- .:::2:::: 2240 o 2: PP . e N
Big = (0 11¥1¥2) - (WolY ¥y - _ (Lv=-3-4)
However, because the exchange energy is invariant,

(@lud) + (uFud) + 20w, wiup) = WIYH + Wwiy) +

2y 1“’2]9’1‘}’2) . (1v-3-5)

This relation holds also for any two orbitals of a set of N orbitals (see

footnote in next section). Thus,

D(u) = D(\V) + Alz - A12 COSLP'Y + B12 sinlvy ) (IV-3"6)
where
2, 2 2, 2
D(u) = (ullul) + (uzluz) (1Iv-3-7)
and
DY) = (Wi¢h + (wi¥H (1v-3-8)

Thus, if we define some angle o& by

,/"2 2!

B1o/ Y Alp + Big (1v-3-9)

-A,,/ VAZ + 32 (1v-3-10)
12 12 12 _

sinfel

cosh ok

1}

we have
D(u) = D(Y) + A, +JAT, + Bi, cosh(y-&) . (1v-3-11)

Further, using Eq. IV-3-5 again, we have
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(ayugfuu,) = (W, 8,] @, W) - (/D) 4, - (/2 ¥ a2 + 82,

A Lt

(Iv-3-13)

From Eqs. IV-3-9 and IV-3-10 we have
tanlu( = -B12/A12 N

a result which can also be obtained by differentiating Eq. IV-3-2, setting
the result equal to zero, and 'y equal to o€,

When v =« + mn/2 for n = 0,1,2,3, etc., it is seen that D(ﬁ) is
maximum and (uluzluluz) is minimum. Also when y =+ 7 n/4 for n =
1,3,5, etc., D(u) is minimum and (uluzluluz) is maximum.

One can take the transformation to the localized orbitals to be y =

o , the other angles, for D(u) a maximum, differing from it by correspond-

ing to a change in sign of u; and/or uye

It should be noted that tan4ek is zero for & = 0, T/4, etc., so
that if we take & = 0°, then By, is zero and D(u) is at an extrema.

Thus for the extrema
2 2 .
(uluzlul) - (uluzluz) = 0 (IV'3'14)

2. N-orbitals case

For the case of three or more orbitals, the use of an analytic
technique, similar to that used in the preceding section, appears to be
too compiex. Therefore, some iterative techmique is implied. One might
attempt various types of steepest descent methods to '"feel" the way to

that transformation which minimizes the exchange integrals between
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orbitals. The method which is used here consists of successively
applying the above described pair transformation to the various pairs
of orbitals. This iterative procedure is very similar to Jacobi's
diagonalization procedure, which is known to be one of the fastest
methods for diagonalization.

Each stage of the itefation method consists of the following two
steps.

Find that pair l.,ui,(}/j (among all pairs of ‘f/n(}'m) which, upon 2x2
maximization of D will yield the greatest increase in D. According to

Eq. IV-3-6, this is that pair L}/i (l/J for which

2 2'

Dmax(uiuj) - D(yliq/j) = Aij + Aij + Bij (1v-3-15)

j being defined by Egqs. IV-3-3 and IV-3-4,

Find the corresponding transformation IV-3-1, and thus two new

‘is the largest, Aij and B;

'
orbitals ¢/ . "'Pj' which now replace the previous orbitals (l/i‘(/j.

Writing the total sum in the form

D(W)= 5 _[anlq,nzl ¥ [‘Fizlq/iz] + [QVJZI.*/JZ] s

n#i, j
(IV-3-16)

1
one recognizes that replacing (fi,qu by "Ui" q,j will increase

the last two terms, but leave the first (N - 2) terms
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unchanged.1 Thus, each iteration consists of performing that 2x2
orthogonal transformation which guarantees the maximum increase in the
total D(Y). Convergence is achieved, when all AN(N - 1) quantities of
Eq. IV-3-15 are smaller than the prescribed convergence criterion, e.g.,

the numerical accuracy of the calculation.
D. Localization between ls and 2s Orbitals

As illustration we apply the procedure to a case which has been
unaccessible to previous approximate methods, namely the construction of
localized orbitals from the ls Slater orbital and the 2s Slater orbital
in oxygen.

These Slater orbitals are

J&Sm e
5 -3
¢<r2 /3m) re '2F | s,

The conventional orthogonal orbitals are those obtained by Schmidt

(1s)

7.7, (IV-4-1)

(2s) 2.275

]
1

1It is also easily seen that the sums

Yo ol ¥ ¥l

™

n<m
n,m#ij

and

L N ALN SR N NA'N

n#i,

remain invariant. Hence, the change in the sum of all exchange integrals
is equal to the change in [‘fl HUJI q/i l.‘/J] alone,
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orthogonalization, viz.,

(1s%) = s,
(25% = [(28) - 5 (19))/ V1-s*
(2s%) = -0.24008(1ls) + 1.02842(2s) . (1V-4-2)

They give rise to the exchange integral
[15°25°) 1s°25°] = 0.0703(e?/a) = 1.91 ev. | (IV-4-3)

If they are chosen as the basis orbitals ( qqﬁtrz) for the construction
of an arbitrary orthogonal basis (ug,up) according to Eq. IV-3-1, then
the variation of the exchange integral with the transformation angle 7,

as given by Eq. IV-3-12, becomes (in atomic units, ez/a)
[uuy|ujuy] = 0.4539 - 0.4401 cos4(y +7°20.5") . (IV-4-4)

From this equation follows that the localized orbitals result for
Y =-7920.5'. Expressed in terms of the original Slater orbitals, they

become

Inner orbital = 1,02248(1s) - 0.13142(2s) ,

1
j=
/2]

i
>

=t

I

Outer orbital -0.110322(1s) + 1.01998(2s) . (1Iv-4-5)

]
(o]
]
1}
>

N

]

Their exchange integral is
[is os|is os] = 0.0138(e?/a) = 0.376 ev. (1V-4-6)

so that localization has reduced the exchange integral by more than a

factor 5.
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It is of interest that those orthogonal orbitals which result from
‘'symmetric orthogonalization'’, as proposed by P. O. Lowdin (16), are very
close to the localized orbitals. 1In terms of the original Slater orbit-

als, they are

(1s) = a(ls) + b(2s)
(2sY) = b(ls) + a(2s)
2a = (1L +8y% + (1 -8)%
% = (L+8)7%-(1-58)%
Hence
(1s%) = 1.02129(1s) - 0.12088(2s)
(2s%y = -0.12088(1s) + 1.02129(2s) |, (IV-4-T7)

which corresponds to a value of 7y =-6°45"' in terms of Eq. IV-4-4,

Their exchange integral
[1s"2s"|1s"2s"] = 0.0141(e?/a) = 0.384 ev (1V-4-8)

is only 0.008 ev larger than that of the localized orbitals. Since the
Lowdin orbitals represent that set of orbitals which "differs least",
in the sense defined by Carlson and Keller (4), from the non-
orthogonal Slater orbitals (Eq. IV-4-1), it is remarkable that the

latter have a considerably larger exchange integral, namely
[1s2s|1s2s] = 0.1246(e2/a) = 3.39 ev. (1V-4-9)

Finally, Eq. IV-4-4 shows that minimal localization (maximal

delocalization) is reached for v = 37°39.5', at which point the exchange
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integral assumes the maximal value
[ulllzlull.lz]max = 0’8940(62/3) = 24.3 ev . (IV"‘4"10)
E. Discussion

It can be seen that the low exchange integral for the localized
orbitals (is), (os) comes about because the 1ls orbital is somewhat
contracted towards the nucleus and, more important, because the inner
loop of the 25 orbital is concomitantly attenuated. In view of this
observation one is led to expect that, in case of sp, sp2 or sp3 hybrid-
ization, the exchange integral between different (2s-2p) hybrid orbitals
will be further reduced if the (ls) orbital is also included in the
localization process. For, in that case the (2s-2p) hybrids would get
some ls admixture which would attenuate all of them in the region where
they overlap each other.

As mentioned before, the localized orbitals are those for which
inter-orbital correlation is expected to be smallest. That it is possible
to reduce the inter-orbital correlation to a small value is made likely by
the results found by Allen and Shull in Be (2). Their results suggest
that Watson's very accurate configuration interaction function can be
closely reproduced from two separate pair functions. The relation to
localized orbitals is being investigated at present.

These results have some bearing on the concept of "inner shells" in
a many-electron atom, where a unitary transformation between the orbitals
is arbitrary. There is no reason why Schmidt orthogonalization should

define the various "'shells'. It seems to us that, within one symmetry,
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the localized orbitals correspond much more closely to the concept of
inner and outer shells,

This definition of inner shells finds further support in the obser-
vation that there seems to be evidence that the localized inner shell
orbitals (is) of an atom may mix very little with the valence orbitals
in the molecule. Thus, in an analysis of the H,0 calculation of Ellison

and Shull (9) we were led to define certain ''valence atomic orbitals"

(isV) = 1.02265(1s) - 0.14809(2s) +~0.05(2pa) |,

(0os?) = -0.0469143(Ls) + 0.843313(2s) ++0.5(2p0) ,  (IV-5-1)

from the molecular wave function. The inner valence atomic isV, which
is seen to be very similar to the inner localized atomic orbital (is) of
Eq. IV-4-5, was found to mix very little into the valence molecular
orbitals. This behavior is in strong contrast to that of the Schmidt-
orthogonalized inner shell, i.e. the Slater 1s orbital. [The exchange
integral between 1sV and osV is 0.0219(e2/a) = 0.595 ev.]

While the foregoing conclusions have been made on the basis of the
oxygen Slater orbitals, we believe that similar results will emerge when
the Hartree-Fock orbitals are considered. This conjecfure is based on a
comparison of the electron interaction integrals in the two cases. One

finds (26) (in atomic units, ez/a)

Hartree-Fock Slater
[1sls|1sls] 4,7421 4.8125
[1sls|2s2s] 1.1331 1.1334
[2s2s]2s2s] 0.7974 0.8039

[lsZs,lsZs] 0.0767 0.0703
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In particular the similarity in the value of the exchange integrals
[1528,1823] makes it likely, that localization of the Hartree-Fock orbit-
als would yield a lowering of the exchange integral similar to that found
for the Slater orbitals.

The localization transformation has been applied also to the 1ls and
2s (orthogonal) Slater orbitals of Be. This involves a rotation of
about 5°, and the resulting localized 2s orbital is graphed in Figure 9.

There we have also graphed the Slater and SCF 2s orbitals for Be.
F. Localization between 2s, 2px, 2py Orbitals

From Eq. IV-3-14 it is clear that localization of the atomic orbit-

als 2s, 2px, and 2py will lead to the trigonal hybrids tl, t2, and t3
% %
tk = (1/3)° 2s + (2/3)* pk, (1Iv-6-1)

where pl, p2, p3 are the three 2p orbitals yielding pairwise the inner

product

u/ﬁj(X) pk(x) 4V = -1/2 , (j#k) ' (IV-6-2)

for example

pl = 2px,
p2 = -1/2 (2px) + 3/2 (2py) ,
p3 = -1/2 (2px) - 3/2 (2py) . (1Iv-6-3)

The orbital triple (2s), (2px), and (2py) presents therefore a convenient
case with known solutions, where our iteration procedure can be tested.

A machine program was applied to the orthogonal Slater orbitals of
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oxygen and the results are exhibited in Figure 8. The following observa-
tions are of interest:

Although the increasing error in the invariant total exchange energy
X indicates that, after about fifteen iterations, the calculation is
becoming unreliable in the sixth decimal, the individual integrals as
well as the localized orbitals themselves nevertheless improve consistent-
ly up to the thirty-first iteration;

The improvement in D(A) due to the last pair transformation is
always smaller than the total defect in D(N\);

The total defect in D(A) is always considerably smaller than the
méximal absolute deviations in the individual integrals;

The deviations in the individual integrals are always smaller than
the maximal deviation in the localization criterion BlZ'

. The last observation is particularly gratifying, if it can be
assumed to hold generally true., For, in problems where the answer is
unknown, the quantities Bjj are the only ones which can be calculated to
test the quality of the localization. It is encouraging that they seem
to provide an upper bound for the deviations of the individual integrals.
It is questionable whether the number of iterations found necessary here
is typical. Our particular case possibly shows a slower than average
convergence, since the indeterminacy in the p-orbitals may favor evasive

oscillations from iteration to iteratiomn.



Number of

Iterations n=o n=0 n=3 n=28 n =13 n =18 n = 24 n = 31
Exact
Value Deviations from Exact Value after n Pair Transformations
[klkelklkg] 0.062323 .112615 .001792 .000227 .000055 .000014 .000014 .000003
[Alhalklka] 0.062323 .112615 .001792 .000227 -.000110 -.000027 -.000007 ~-.000007
[hzhalkeka] 0.062323 -.014335 .009597 -.000442 .000055 .000014 -.000007 .000003
[klkllklkll 1.002199 -.198288 .003152 -.000665 .000080 .000020 -.000011 .000004
'[Azxelkzkz] 1.002199 -,111750 -.014757 .000319 -.000163 -.000041 -.000011 -.OOOOIi
[Kakalkaka] 1.002199 -.111750 -.014757 .000319 .000080 .000020 .000020 .000004
312' 0 0 -.055922 .001641 -.000411 .000103 .000000 .000026
Bia o 0 -.055922 .001641 -,000000 .000000 .000051 .000000
Bya 0 0 .000000 . -000000 .000411 .000103 .000051 -.000026
D(A) 3.006597 -.421789 -.026362 -.000027 -.000003 -.000002 -.000003 -.000003
X 3.380538 0 0 .000001 .000002 .000002 .000003 .000004
Figure 8, Results for thé trigonal hybridization of the 2s, 2px and 2py Slater orbitals of

the Oxygen atom,

L2T



(KIIZS)
Oz | 28)
(A5 | 25)

A"D(A)

a

0.57735 . .42265 .12976 -.00453 +.00056 .00014  -.00007 .00004
0.57735 -.57735 .27735 .00225 -.00113  -.00028 -.00007 -.00007
0,57735 -.57735 .27735 .00225 .00056 .00014 .00014 . ,00004

Improvement in D(A) due to Last Pair Transformation

.03954271 .00000965 .00000060 .00000003 .00000001 .00000000

a Overlap integrals indicating the amount of s-character in the trigonal hybrids and, hence,
characterizing the basis transformation.

Test parameter determining the interruption of the iterative cycle.

Figure 8 (Continued)

821



Figure 9, Graphs, along a radial vector, of the best-atom ( ) s
SCF (== = «=), and best-atom localized (=---=) 2s orbitals
for the Be atom,
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G. Localized Molecular Orbitals

1, Introduction

Optimally localized molecular orbitals (IMO's) have been found for a
number of small diatomic molecules using the method outlined in the
preceding sections. All these molecules contain only atoms from the first
two rows of the periodic table. The SCF wave functioﬁs usea were found
by Ransil (21). They are of the LCAO-MO (linear comginations of atomic
orbitals-molecular orbitals) type (22), and minimal basis set functions;
i,e., usually only enough Slater atomic orbitals from each atom have been
used as are necessary to describe these atoms in the free state. This
restriction results in less than exact SCF molecular orbitals, but the
deviation is not too great as can be seen from Figures 10, 11, and 12,
in the case of the HF molecule., The basis atomic orbitals are the much
used Slater ls, 2s', and 2p orbitals (26). We have Schmidt orthogonalized
the Slater 2s' orbital to the 1ls orbital (which results in no real change
in the basis set, since the new 2s orbital equals (2s' - S ls) 1-82),
where S is the overlap integrald{is 2s' dT” between the Slater orbitals).
The 2s orbital is quite similar to the SCF atomic orbitals of the free
atom, as can be seen from Figure 9 for the Be atom.

The localized molecular orbitals were obtained using a machine
program on the IBM 7094 digital computer. The criteria used to terminate
the binary transformations was that, if an improvement of more than 10"8

in the sum of the diagonal exchange integrals could not be obtained by

any binary transformation, then the program was terminated for that
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molecule. This leads to an error in the LCAO coefficients for the LMO's
of about ].O"4 for most of the molecules, but the error can become as big
as 10-2 for some of the large heteronuclear molecules such as LiF. An
in@ication of the accuracy of. the LCAO'coefficients is given by their
deyiatiOns from agreement in the case of, in principle, equal contribu-
tioﬁs to equivalent ofbitals.

Generally speaking, the ILMO's turn out to be pretty much as
anticipated qualitatively by earlier authors. One invariably obtains ls
type Lﬁo's on second row atoms, but not with hydrogen atoms. Also, in
single bonded molecules (with the exception of the excited state of NH),
there results a single bond orbital between the two atoms, and various
lone pair orbitals on them. In multiple bonded molecules (such as Nj)
one obtains "banéna” type equivalent bond orbitals. Also if there is
more th#n one lone pair orbital on a given atom, they turn out to be
equivalent. Finally, the orbitals which are of lone pair or inner shell
type usually have small "negative' contributions from the other atom,
i.e., they have a node in the bond region.

With the exception only of Li it is found that the localized 1ls type
inner shell orbital is localized from the 2s atomic orbital (which enters
the various valence IMO's) in about the same manner as it was found to be
in the okygen and beryllium atoms in a preceding section. The inner
shell orbitals, for a given atom, are found to be remarkably similar as
one goes from molecule to molecule. In some cases this is true also for
the lone pair orbitals. (It should, of course, be kept in mind that the

sign of a particular orbital is of no consequence, so that in comparing
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orbitals one may mentally change the sign of all’the expansion coeffi-
cients for a given orbital.)

In some cases, however, the calculations yield quite interesting.
results which could not be anticipated without actually carrying out fhe
localization process, e.g., the proper distribution between lone pair
orbitals and bonding orbitals in BF.

In the following we will first pass briefly through the different
types of molecules, describing their IMO's and commenting on their
exchange intégrals. (Usually various cases of orbital exponents will not
be discussed separately, since the results are all very similar,) We
will then discuss the relation of these orbitals to the valence molecular
orbitals defined by Ruedenberg (24), and compare the two sets of orbitals

for the various molecules.

2. Calculations and discussions of SCF-LCAO-IMO's

The Figures 14 to 24 list the pertinent numerical results, of the
localization process, for the various molecules. The exchange integrals
for both the original SCF MO's and IMO's are given first. They are of
interest because, in contrast to the coulombic integrals, the off-diagonal
exchange integrals (which will sometimes be referred to as the exchange
integrals per se) suffer large relative changes due to localization. The
transformation matrices connecting the two sets of molecular orbitals are
given next, which reflect the extent of difference between the two sets
of MO's. It can be expected that the transformation to localized MO's

will be achieved by almost the same transformation for the exact SCF MO's.
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Finally, there are given the LCAO expansions for the IMO's in terms of
the orthogonalized Slater atomic orbitals. They give an idea of the
forms bf the IMO's in space. This conceptual advantage of the minimal
basis set is largely lost in the case of the longer expensions required
for the exact SCF orbitals.

For all the small mdlecules, the above information is given for
three sets of Slater orbital exponents; values obtained from Slater's
rulesl; values which minimize the energy of the separated atoms; and
values which minimize the energy of the particular molecule, The atomié
orbitals having these values are referred to respectively as Slater
atomic orbitals (SAQ), best-atom atomic orbitals (BAQ), and beét-molecule
atomic orbitals (BMO). For some of the larger molecules, tables for all
three cases are not given. Actually very little difference of a qualita-
tive nature exists between the various sets, and, whenever it is
available, the BMO set is of course the most valuable and correct.

In the figures the original SCF MO's are denoted by their conven-
tional symbols, which are given also in Ransil's tables (21). The IMO's

are denoted by the following symbols:

iA = IMO which is chieflf an inner shell on atom A;
OA = IMO which is chiefly a o-type lone pair on atom A;
RtlA
At2A = IMO's which are chiefly trigonal equivalent lone pairs on
ALt3A atom A;
bOAB = LMO which is a O-type bonding orbital between atoms A

and B;

1See, for example, p. 368 of Reference 26.
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bt1AB
bt2AB = LMO's which are chiefly trigonal bonding equivalent orbitals
bt3AB° Dbetween atoms A and B (In general polarized '"banana bonds').

The Slater atomic orbitals on the other hand are denoted by:

Ao = ls orbital on atom A;

As = orthogonal 2s orbital on atom A;
ApCT = 2p0 orbital on atom A;
ApT = 2px orbital on atom Aj;
Aﬁ% = 2py orbital on atom A,

The LiH molecule has a localized ls type orbital on the Li atom, and
a bond orbital extending over both atoms but lying predominantly on the H
atom. The SCF MO's do not differ greatly from these orbitals, so that
the molecular orbital transformation is almost an identity transformation.
Nevertheless, the exchange integral between the two orbitals has been
reduced by a factor of about four. This is very similar to the situation

22s2 structure,

encountered in atoms with the Be Is

The BH molecule is seen to have a ls type orbital and a lone pair
type orbital on the B atom. Also there is a bond orbital extending about
equally over both atoms. The transformation between the MO's sets is
still close to an identity one, but not nearly so much as in LiH. The
exchange integrals have been reduced, on the:whole, by a factor of about
five.

The NH molecule does not have a singlet ground state. Therefore the

2177'4 was calculated by Ransil, and is investigated

excited state 10220
here. This leads to a ls type orbital on the nitrogen atom, and three

equivalent bond orbitals pointing from the N atom toward a circle around
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the H atom. This occurs because the N atom does not have a o-type

lone pair for hybridization with the T orbitals, and serves to emphasize
that the usual situation of lone pairs and bonding orbitals between atoms
may be greatly disrupted in going to excited states. The exchange
integrals are reduced by about a factor of two.

The HF molecule has a ls and three equivalent lone pair orbitals on
the F atom. Also there is a bond orbital lying slightly more on the
fluorine than the hydrogen. The exchange integrals have been reduced, on
the whole, by a factor of about two. The transformation matrix between
the two sets of MO's still has somewhat the character of an identity
transformation, although much less so than in LiH or BH. 1In Figures 12
and 13, the values of the HF IMO's, along the bond axis, have been
graphed. !

Turning now to some homonuclear molecules, we see that for the Li,
molecule we have a localized 1ls orbital 6n each of the Li atoms, and a
bond orbital extending equally over both atoms. It should be noted that
the 1s orbital is quite similar in composition to the 1ls orbital in LiH.
The MO transformation is seen to be essentially an identity onme for the
bonding orbital, and a symmetry (45° rotation) one for the ls orbitals.
The excha;ge integrals are reduced, on the whole, by a very large factor,
because this reduction is almost entirely due to the reduction in the
exchange integral due to the symmetry transformation. This is very large
because we go from two orbitals log and 10ﬁ which have very large differ-

ential overlap (overlap of the absolute values), to two orbitals iLi and

iLi', which have almost no differential overlap.
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For the Bep molecule, which is not bound and is therefore a
hypothetical molecule taken with an internuclear distance of 2 ;, we have
essentially a 1ls and a 2s orbital on each of the atoms. Thus the.MO
transformation m;trix is essentially a product of two symmetry trans-
formations, and the reduction in the exchange integrals .is again very
large. The 1ls orbitals are of a localized character, and the 2s
orbitals are beginning to develop a surprising amount of contribution
from the other atom.

The Ny molecule is seen to have a ls type orbital and a lone pair
orbital on each of the atoms, Between the two atoms there are three
equivalent "banana" bond orbitals. The ls orbitals are seen to be of
localized character, and thelone pair orbitals mainly of 2s atomic
orbital composition, with enough 2pC0 composition to direct them well
toward the "'back" of the N atom. The exchange integrals have been
reduced, on the whole, by about 85 percent, but a fair amount of this is
due to symmetry transformations of the 1Gg and lcﬁ orbitals into the iN
and iN' orbitals, the 20, and 20, orbitals into the L oN and £ g N' orbit-
als, and the 30, Im, and 17—ru orbitals into the "banana' bond orbitals.

For the F, molecule, we find three equivalent lone pairs on each
of the F atoms, and a bond orbital between the two atoms. There are also
the localized inner shell 1s type orbitals on each atom and these are
extremely similar to the corresponding ones in HF, BF, and LiF. Also the
lone pairs of the F atom are quite similar to those in HF, but are

slightly less directed toward the rear of the F atom, in that the po

contribution to these lone pairs ((BMO) case) is -.1243 as compared to
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-.1982 for the (BMO) case of the HF molecule. The exchange integrals
have been reduced, on the whole, by about 85 percent, but as with the N2
molecule a large share of this is no doubt due to symmetry transforma-
tioms,

The inner shell for the F atom in the (SA0) case is
lsLMO = .,9915 1s - .1303 2s ., (Iv-7-1)

It is evident that this inner shell is almost the same in the HF, F2, BF,
and LiF molecules as it is here.

The results for the (SAO) case of the BF molecule are particularly
interesting since they yield a somewhat unexpected result, The usual
picture would be that of a single bond between the two atoms and three
lone pairs on the F atom. However, one could also conceive the structure
to be somewhat similar tb that of Ny, since fhé two molecules are isoelec-
tronic. The actual structure turns out to be intermediate between these
two extremes, but, somewhat surprisingly, it seems to be considerably
closer to the Ny structure. Thus, we have a localized ls type orbital
on both atoms, and three equivalent, but somewhat distorted, ''banana'
bond orbitals. Also while the lone pair orbital on the B atom appears to
be quite normal, the one on the F atom is seen to have become somewhat
bonding in character. It appears that the bonding is still mainly due to
the weakened ''banana' bonds, but the F lone pair seems to be coming into
the bonding to a slight extent.

This observed intermediate character agrees with the binding energy

value of 8.5 + .5 ev, which is low compared to the values 9.9 ev for Njp



139

and 11.24 ev for CO, but is high for a single bond value, e.g., 6.0 +
«5 ev for LiF,

It should be noted that the 1§ne pair orbital on the B atom is
similar to the lqne pair for the (SAO) case in BH. If we neglect the
small contributions to these lone pairs from the other atom, and consider
only their contributions from the B atom, we find that these contributions
(when each is normalized) have an overlap of .99963. The sum of the
contributions from the F atom (as measured by the sum of the LCAO coeffi-
cients) is seen to be close to the contribution from the hydrogen atom.

It should also be noted that the inner shell on the F atom is very
similar to that on the F atom in the (SAO) case of HF. 1If we again
consider only the (normalized) contributions from the F atom, which are .
the only contributions of consequence in this case, we find that they
have an overlap of .99994.

The lone pair orbitals on the F atom are not too similar to those
for the (SAQ) case of HF, and the overlap of their normalized components
from the F atom are only .5589. This no doubt is due to the triple bond
character of the BF molecule.

In the (SAO) case of the LiF molecule we h&ve a localized ls type
orbital on each of the atoms, a O-type lone pair on the F atom, and three
equivalent "banana'" type bonding orbitals between the atoms. The '"banana
bonding orbitals are strongly polarized toward the F atom. This result is
somewhat striking, in that one would usually picture the F atom as having

three equivalent lone pair orbitals pointing toward the back, and a single

bonding orbital connecting it with the Li atom. However, 7-bonding is
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.~apparentiy quite important in this molecule, at least in terms of the
present approximate wave function. It i# seen that the inner shells of
both the Li and F atoms are quite similar to those of the same atoms in
the LiH, Lij, HF, Fy, and BF molecules.

For the (SAO) case of the CO molecule we have a localized inner
shell on each of the atoms, and a lone pair on each. Also we have three
"banana' bond orbitals between the two atoms, which are slightly
polarized toward the O atom. This structure is seen to be about inter-
mediate between those of Ny and BF, with which it is isoelectronic. The
inner shell of the O atom is very similar to that for the isolated O atom
obtained earlier, which, when expressed in terms of the orthogonal Slater

orbitals, is

Isiymo = .9918 1s - .1278 28 . (1v-7-2)

3. Comparison of valence molecular orbitals with localized
molecular orbitals

The fact that the IMO's usually turn out to be inner shell, lone
pair, and bond type orbitals, leads one to suspect that they may be quite
similar to certain valence molecular orbitals proposed by Ruedenberg (24),
after the latter are transformed to equivalent orbitals where possible.

The valence molecular ofbitals are SCF orbitals defined so as to
have successively maximum overlap populations (19). Thus, that orbital
is found which has the maximum overlap population, then an orbital
orthogonal to the first is found which has the next greatest overlap
population, and so on. This determines a unique set of SCF orbitals.

These orbitals are still symmetry orbitals (belong to irreducible
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representations of the symmetry group of the molecule). They are found

by diagonalization of the matrix whose elements are

=2 Zcp ;o (1v-7-3)

P
nm X

’m ’

where ¢ . is the LCAO coefficient of atomic orbital k in molecular

b
orbital n, This is because the non-overlap populations of the MO's are
defined by

= 2(1-2 Z'c

) (IV-7-4)

Pon = 2 Z ¢k p

c C.
k’n k3n J,n

and the extremization of these quantities results from the diagonalization
of the matrix whose elements are given by Eq. IV-7-3. This explains why
the valence molecular orbitals are symmetry orbitals, since atomic orbit-
als do not simultaneously enter molecular orbitals of different
irreducible representapion, so that the total matrix of the pnmfs reduces
to several submatrices corresponding to the different irreducible repre-
sentations.

In order to compare the VMO's with the LMO's we must hybridize the
former to equivalent orbitals, wherever the IMO's are equivalent orbitals.
In Figures 25 and 26 we give these "equivalent VMO's" for a number of the
molecules discussed in the previous section. Only one case of orbital
exponents (usually (BMO)) is given for each molecule. This is sufficient
for the qualitative comparisons which we Qish to make with the IMO's of
Figures 14 to 24.

In the HF molecule, one obtains an inner shell VMO, a lone pair VMO,
and a bonding VMO, due to the successive-extremizations of overlap. 1I1f

one now hybridizes the lone pair VMO with the two 2pT orbitals on the F
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atom, one should obtain orbitals roughly similar to the LMO's for this
molecule. In Figﬁres 12 and 13 we have graphed the values, along the
bond axis, of the VMO's and corresponding IMO's for this molecule. The
two sets of orbitals are seen to correspond fairly well. The inner

shell orbitals of the two types have an overlap of 1.0000, the lone pair
orbitals an overlap of .9872, and the bond orbitals an overlap of .9693.
This is to be compared with the overlap of the inner shell IMO with the
canonical 10 orbital, which is .9872, the overlap of the lone pair IMO
with the canonical 20 orbital, which is .8069, and the overlap of the
bonding IMO with the canonical 30 orbital, which is .8156.

| For the LiH molecule there is found an inner shell VMO on the Li
atom and a bond orbital lying mainly on the H atom. This situation is
similar to the IMO's, but it must be remembered that it is also quite
similar to that of the original SCF MO's. The overlap of the inner shell
localized orbitals is .9927, and that of the bond orbitals is .9927,

This is to be compared with the overlap of the i IMO with the canonical
10 orbital which is .9975, and the overlap of the b IMO with the canonical
20 orbital which is .9975.

The BH molecule has an inner shell VMO, a lone pair VMO, and a
bonding VMO, as was the case with the IMO's. However it is seen that the
two sets of localized orbitals here correspond fairly closely, and they
have overlap integrals of .9925 for the inner shell orbitals, .9831 for
the lone pair orbitals, and .9937 for the bond orbitals.

. In the NH molecule we have hybridized the bonding VMO with the 2pT

orbitals, so as to have orbitals which correspond to the IMO's. It is
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seen that, as with the HF and BH molecules, the correspondence between
the two sets of orbitals is not too bad.

The corresponding valence molecular orbitals for Liy are obtaingd
by applying a symmetry transformation to the log and lo, orbitals
obtained from the successive-extremization of overlap populations. The
correspondence of the inner shells to the IMO ones is not particularly
striking, but the correspondence of the bonding orbital is not bad. In
this case the correspondence may be only because these orbitals, in
either case, do not differ appreciably from the canonical SCF orbitals
after the lcg and 1oy orbitals of the latter have been transformed into
equivalent orbitals.

For the Nj molecule we obtain orbitals corresponding to the IMO's
after carrying out the proper symmetry transformations on the valence
molecular orbitals. The correspondence of the two sets of localized
orbitals is seen to be fairly good, but not complete, especially for the
inner shells.

In heteronuclear diatomic molecules (other than the hybrids) we
cannot use an equivalence transformation to bring the VMO's closer to
the IMO's. It is therefore difficult to recognize a correspondence be-
tween the two sets of molecular orbitals. This circumstance illustrates

the difference in significance of the two types of orbitals.



Figure 10,

Minimal basis set SCF 2o orbital (
HF, along the bond axis.

), and exact SCF 2y orbital (
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Figure 11, Minimal basis set SCF 3u orbital ( ), and exact SCF 30 orbital (=====~=
(from References 6 and 20), for HF, along the bond axis.
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Figure 12. Minimal basis set SCF lo orbital (=—), exact SCF lo orbital (~==e-) (from
References 6 and 20), IMO inner shell (~=~-~= ), and VMO inner shell (w— =),
for HF, along bond axis. .
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Figure 13, IMO lone pair orbital ( ), VMO lone pair orbital (~----~- ), IMO bonding orbital
( ), and VMO bonding orbital (~~--=-- ), for HF, along bond axis.
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Figure 14.

1o
o 1,67016
20 0,01013
1o

iLi 0.99746
boLiH -0,07121

2c
0.01013

0.48114

2
0.,07121

0.,99746

1o
1o 1.67777

2 0,00871

1o
iLi 0.99779

boLiH -0.06644

2o
0.00871

0.46787

o]
0.06644

0.99779

ic -
1o 1.67068

250, 0,00835

1o
ili 0.99788

boLiH -0.06501

2%
0.,00835

0.46668

20
0.06501

0.99788

LiH (BMO)

iLi 1.00241
bolLiH 0,00979

LiH(SAO)

iLi  1.00217
boLiH 0.01065
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Data for IMO's of LiH: exchange integrals for SCF MO's and

IMO's, transformation

matrix from SCF MO's to IMO's, and LCAO expansions of IMO's.
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Figure 15,
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matrix from SCF MO's to IMO's, and LCAO expansions of IMO's,

Data for IMO's of BH: exchange integrals for SCF MO's and IMO's, transformation
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matrix from SCF MO's to IMO's, and LCAO expansions of IMO's.
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Data for IMO's of NH: exchange integrals for SCF MO's and IMO's, transformation
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Data for IMO's of HF: exchange integrals for SCF MO's and IMO's, transformation

Figure 17.
matrix from SCF MO's to IMO's, and LCAO expansions of IMO's,
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Figure 18, Data for IMO's of Lip: exchange integrals for SCF MO's and IMO's, transformation

Li o (BMO)

Iog g lou iLi iLi’ boLiLi'
log 0.93489 0.00960 0.73719 iLi 1.68710  0.00004  0.00205
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matrix from SCF MO's to IMO's, and LCAO expansions of IMO's.
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Figure 18 (Continued)
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Figure 19, Data for IMO's of Be,: exchange integrals for SCF MO's and I.MO's,_V_tré,nsformation
matrix from SCF MO's to IMO's, and LCAO expansions of IMO's,
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Figure 20, Data for IMO's of Np: exchange integrals for SCF MO's and IMO's, transformation
. matrix from SCF MO's to IMO's, and LCAO expansions of IMO's,
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Figure 22, Data for IMO's of BF: exchange integrals for SCF MO's and IMO's, transformation
matrix from SCF MO's to IMO's, and LCAO expansions of IMO's,
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Figure 23, Data for IMO's of LiF: exchange integrals for SCF MO's and IMO's, transformation
matrix from SCF MO's to IMO's, and LCAO expansions of IMO's, '
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